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Abstract

Governments accumulate debt when the marginal costs of borrowing are low. However, after
prolonged debt accumulation, default probabilities rise rapidly, increasing the marginal costs of
further debt issuance. Eventually, debt hits a critical threshold relative to the size of the economy,
a fiscal tipping point, after which debt accumulation stalls, and governments cycle between deficits
and surpluses, until perhaps a time of default. The main implications of this model are that
(i) tipping points typically occur when distance-to-default is 10-20%; (ii) stable macroeconomic
conditions delay tipping points, giving rise to two volatility paradoxes: default premiums are
higher in countries that implement austerity earlier and remain positive even when exogenous
risk is very small, (iii) liquidity and fiscal reforms have ambiguous effects on default risk; and
(iv) austerity may arrive too late, leading to debt intolerance near the tipping point.
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1. Introduction

Our 2010 paper found that, over the long term, growth is about 1 percentage point lower when debt is 90

percent or more of gross domestic product.

Carmen M. Reinhart and Kenneth S. Rogoff, April 26, 2013, The New York Times

Why do nations accumulate debt? Governments may represent citizens who value either high ex-

penses or low taxes, or both. For example, the fiscal illusion doctrine, advocated long time ago (see,

e.g., the discussion of Buchanan and Wagner, 1977), explains conspicuous trends in government

debt based on the assumption that electors have limited knowledge of the intertemporal implica-

tions of their preferences for deficits. In fact, there is evidence in support of subsequent political

economy theories,1 by which governments face fully rational voters and run fiscal policies that do

not necessarily maximize the welfare of a representative consumer. To illustrate, a policymaker in

office may not fully internalize the debt burden while facing a probability of not being re-elected,

or in the presence of political polarization. The result is a deficit bias, a conclusion known at least

since Alesina and Tabellini (1990). In the last century, promoting fiscal deficits has been a policy pur-

sued by a variety of governments. A number of OECD countries would amass a level of debt that

was unimaginable at the time of the debt stabilization programs that followed World War II. In the

U.S., national debt has reached levels that feed liquid markets for derivatives and other instruments

based thereon.

This paper considers a principal-agent model in which citizens benefit from public services

funded by government deficits while entrusting budgetary management to the government. We pro-

vide conditions for an incentive-compatible mandate that leads governments to accumulate debt for

extended periods, when debt—and consequently, the marginal costs of further borrowing—remain

low relative to the size of the economy. However, as debt accumulates, default probabilities rise—

contrary to the fiscal illusion doctrine—driving up the marginal costs of further debt issuance. At a

fiscal tipping point, a critical debt-to-GDP threshold, governments undergo a regime switch, running

surpluses to improve debt statistics. Yet, once debt statistics improve, governments may return to

deficit spending, creating recurring cycles that can persist for a long time. In other words, fiscal tip-

ping points act as “gravitational centers”: debt builds up gradually over an extended period of time,

but, then, oscillates around the tipping point, potentially triggering default. Thus, debt dynamics

are mean-reverting, driven by the governments’ responses to economic conditions.

1See, e.g., Alesina, Roubini and Cohen (1997) and Drazen (2000) for early surveys of these theories and the empirical
evidence. Alesina and Passalacqua (2016) provide a relatively more recent review.
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When do these tipping points arise? The time before “austerity” sets in increases with (i) the

economy’s growth rate, (ii) the short-sightedness of governments, (iii) macroeconomic stability, (iv)

the frequency with which defaulted governments regain access to capital markets, (v) the severity

of austerity measures, and (vi) debt market liquidity.

In our model, governments enter into austerity when the marginal costs of running debt be-

come too large. These costs are endogenous in the model. Thus, the model provides a rationale

for the empirical evidence in the literature stemming from Bohn’s (1998, 2008) Fiscal Reaction Func-

tion: a positive response of the primary balance to outstanding debt (see, e.g., D’Erasmo, Mendoza,

and Zhang, 2016). For example, Table 1 provides evidence on U.S. data that the probability of im-

plementing austerity plans increases in periods with unusually high debt, in line with the model

predictions.

α Aα Bα R2 Tip
95% 0.088

(7.21)
0.842
(9.06)

0.27 3%

90% 0.178
(7.149)

0.743
(3.72)

0.06 14%

85% 0.168
(6.922)

0.679
(3.41)

0.05 14%

80% 0.220
(8.01)

0.671
(2.86)

0.03 20%

75% 0.211
(7.82)

0.605
(2.59)

0.01 20%

70% 0.280
(9.30)

0.420
(1.60)

0.01 28%

TABLE 1. ESTIMATION OF A NONLINEAR FISCAL REACTION FUNCTION. The table reports esti-
mates of the coefficients Aα and Bα (with t-stats in parenthesis) and R2 in the following regression:
Tipt (α) = Aα + Bα (δt �Qδ,t (α)) + et (α), where Tipt (α) � ISt>QS,t(α)

, ISt>QS,t(α)
is an indicator

that takes a value equal to one when St, the U.S. primary surplus over GDP, is larger than QS,t (α),
δt is the debt-to-GDP ratio, et (α) is an error term and, finally, QX,t (α) denote the α-quintile of a
variable X at time-t, estimated through the previous ten years of data. Data are yearly and cover
the sample from 1792 to 2012, for a total of 221 observations. The column labeled “Tip” reports
the fraction of time Tipt (α) = 1 in this sample.

In the model, default arises from exogenous liquidity crises—specifically, the market’s limited

capacity to absorb new debt. We derive a bound on the debt-to-GDP ratio, such that default occurs

once this bound is hit. When do fiscal tipping points occur? The model predicts that the tipping

point, δ̂, and the default boundary, δ̄, satisfy δ̂ = Cδ̄, for some constant C. Default may occur both in

a deficit (i.e., C > 1) and in a surplus regime (C < 1). In a wide set of calibrations, we find tipping
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points at a level between 80% and 90% of the default boundary (i.e., C is mostly in the range of

[0.80, 0.90]).

In a famous paper, Reinhart and Rogoff (2010) argue that there are values of debt-to-GDP ratios

that trigger severe economic downturns. Our tipping points are expressed in terms of distance-

to-default (i.e., 1� C) but share similarities with the threshold figures suggested by Reinhart and

Rogoff. In our model, governments implement austerity plans only after determining that the prob-

ability of default has risen to an unacceptably high level from their perspective, recognizing that

default would be imminent without debt stabilization. We may argue that, at that point, a sharp

decline in output could occur, driven by already deteriorated market expectations and worsening

financing conditions. However, our model remains silent on these mechanisms.2 Our main ob-

jective is to determine when governments implement austerity, and our analysis suggests that it

often arrives too late: governments resort to austerity only when debt statistics have significantly

deteriorated, even from their own perspective. In the model calibrations, this occurs when distance-

to-default falls between 10% and 20%.

Tipping points are model predictions that may obviously offer a simplified representation of

actual governments’ behavior. Yet, they contribute to a notion of a structural fiscal reaction function,

which we may use for implementing a number of experiments that are exempt from the Lucas’

critique. Thus, for example, our model provides predictions regarding how default probabilities

change following certain fiscal reforms (see below), which fully incorporates governments’ behavior

(i.e., a new tipping point) consistent with these reforms. We then study the model implications

on the cost of capital that governments face to compensate investors for the risk of default. The

spread of this cost against the safe interest rate (in short, the “spread”) rises very sharply around

the fiscal tipping point, a property linked to the previous explanation that austerity may “arrive too

late.” Furthermore, it increases with government short-sightedness and the probability of re-entry

into capital markets after default. Under conditions, the spread may temporarily decline following

a fiscal expansion that is conducive to growth. One such condition is that the expansion occurs

when debt levels remain sufficiently distant from default thresholds. Finally, we find that the spread

increases with macroeconomic volatility, aligning with the empirical evidence presented by Hilscher

and Nosbusch (2010).

These properties result from different forces, some mechanical and others related to govern-

ments’ behavior. Consider, for example, macroeconomic volatility. Governments that face relatively

more volatile economies tend to act more prudently, by pushing forward their fiscal tipping points

2In a seminal paper, Giavazzi and Pagano (1990) suggest that fiscal austerity may actually be expansionary, due per-
haps to the expectation that future economic performance will not be engulfed with critically high taxation.
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(property (iii) mentioned at the beginning of the introduction). We find that this effect may be very

strong and lead governments facing lower volatility to accumulate more debt and, for this reason, to

still experience a sizeable default probability. While this property may appear surprising, it parallels

similar mechanisms known as the “volatility paradox,” which have been put forward in other con-

texts (Brunnermeier and Sannikov, 2014): risk may build up precisely in times with low volatility.

The model predicts that (i) spreads are still increasing in volatility, as explained, but (ii) they remain

positive in economies with low volatility, as governments delay austerity when volatility is low.

Similar mechanisms explain the relation between liquidity conditions and debt size. Property

(vi) implies that liquidity support—such as that provided by a central bank—encourages govern-

ments to delay austerity. While such support may help maintain spreads low in bad times, the

moral hazard it creates leads to a significant rise in both debt and spreads over time. In contrast,

debt levels and default probabilities may remain much lower when governments anticipate facing

market discipline in the form of higher borrowing costs from the outset.

The paper is organized as follows. The next section explains how this paper relates to the liter-

ature. Section 3 develops the model. Section 4 examines the model’s determinants of fiscal tipping

points. Section 5 analyzes the credit spreads predicted by the model. Section 6 concludes. Three

appendixes contain technical details and model extensions omitted from the main text. An Internet

Appendix includes additional technical details, extensions, and calculations.

2. Relations to the literature

The standard approach to modeling sovereign debt and default relies on the assumption that a

benevolent planner maximizes the welfare of a representative agent. In a seminal paper, Eaton and

Gersovitz (1981) consider a model in which governments rebate to consumers the proceeds from

their international credit operations, and are able to strategically default. Aguiar and Gopinath

(2006) and Arellano (2008) develop the first extensions of this model for the purpose of producing

quantitative predictions for small open economies. Aguiar, Chatterjee, Cole, and Stangebye (2016)

provide a review of the large and ensuing literature.

In our model, governments do not determine the timing of default; instead, default events are

driven by the market’s limited capacity to absorb new debt. Moreover, the trade-offs they face

may stem from an incentive-compatible mandate granted by the citizens. By focusing on govern-

ments’ incentives for public spending, our paper aligns closely with the political economy literature.

However, this literature provides limited insights into how government behavior influences default

probabilities and other asset price properties. To date, one is exception is Andreasan, Sandleris and
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Van der Ghote (2019), who consider a model based on the Eaton & Gersovitz framework of strategic

default. In their model, governments default not only when they lack sufficient resources but also

when they fail to secure electoral support. Consequently, default probabilities increase with income

inequality and regressive taxation. By contrast, in our model, default occurs exogenously, and gov-

ernments’ interests remain fully aligned to citizens’.3 Our primary focus remains on the timing of

government austerity measures.4,5

There is a large body of the literature dedicated to modeling and estimating sustainable levels of

debt (see, e.g., the survey of D’Erasmo, Mendoza, and Zhang, 2016), i.e., “fiscal limits.” Our model

can actually be calibrated based on some of these alternative proposals, an exercise undertaken in

the Internet Appendix. Note that the previous literature also contains models by which sovereign

default links to a number of notions of fiscal limits (see, e.g., Bi, 2012; Bi and Traum, 2012; or Corsetti,

Kuester, Meier, and Müller, 20136); in these models, fiscal reaction functions are exogenous. Our

model departs from this literature as its fiscal tipping points are endogenous. As anticipated in the

Introduction, this property enables us to analyze the effects of fiscal reforms (such as the budget size

in austerity) without being exposed to the Lucas’ critique—our fiscal tipping points change with a

reform, with consistent implications on debt spreads.

Note that “trigger points” have also been proposed to explain government policy actions (see,

e.g., Bertola and Drazen, 1993). Our trigger points are endogenous, however. Likewise, Pástor and

Veronesi (2012, 2013) also consider the effects of government policies on asset prices and determine

trigger points for governments’ actions: in their models, governments undertake policy changes

when they estimate that their current policies have become sufficiently unfavorable for capital accu-

mulation. Instead, in our model, fiscal tipping points arise because governments estimate that debt

accumulation has grown sufficiently large relative to the likelihood of avoiding costly default.

3For completeness, we also solve our model under the assumption of strategic government behavior in the Internet
Appendix. In this version of the model, we deal with default boundaries following the standard literature on default and
real options started by Leland (1994), with the additional complexity that governments must still determine their fiscal
tipping points. For a survey of the standard corporate finance literature on debt, default, and real options, see Chapter 14
in Mele (2022). Early surveys of default in asset pricing and corporate finance are provided by Duffie and Singleton (2003)
and Lando (2004).

4Croce, Kung, Nguyen, and Schmid (2012) and Croce, Nguyen, Raymond and Schmid (2019) relate asset prices to
public expenditures and the level of public debt. Our focus is on how government behavior affects sovereign borrowing
costs.

5The literature has long provided explanations for prolonged episodes of debt accumulation, dating back at least to the
war-of-attrition model of Alesina and Drazen (1991). Our model contributes to this literature by introducing a different
mechanism: the trade-off between the short-term benefits of primary deficits and the long-term costs of avoiding default.
Furthermore, the model predicts that once a tipping point is reached, governments alternate between surpluses and
deficits.

6In these papers, fiscal limits are random. Our model can be extended to deal with random fiscal limits by assuming
that defaults arrive as a Poisson processes. In this case, the model is not analytically tractable.
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Our model relies on a continuous-time stationary framework in which government choices orig-

inate from the solution of real option problems. The notion of tipping points parallels similar prop-

erties observed in the liquidity management and dividend policy problem introduced by Jeanblanc-

Picqué and Shiryaev (1995) and Radner and Shepp (1996), and extended to deal with agency prob-

lems by, amongst others, DeMarzo and Sannikov (2006) and Biais, Mariotti, Plantin and Rochet

(2007) (see, e.g., Moreno-Bromberg and Rochet, 2018, for a survey of this literature). To draw an

analogy, whereas, in this literature, the problem is one of a private firm managing cash distribu-

tion under liquidity constraints (or one of a potential conflict of interest between a principal and an

agent), our problem is one of a government managing primary deficits under default constraints.

In both cases, some agent takes some action (dividend or payment, in the current literature; fiscal

surpluses, in this paper) as soon as some underlying endogenous variable hits a threshold. Further-

more, our analysis relies on discrete interventions (of a type considered by Jeanblanc-Picqué and

Shiryaev);7 however, our incentive-compatible mandates (from citizens to governments) are framed

within a singular stochastic control problem, as in the previous corporate finance literature.

3. Deficit policies and debt accumulation

This section covers the model assumptions (Section 3.1), the incentive-compatible mandates from

citizens to governments and the resulting optimality conditions (Sections 3.2 and 3.3), as well as

implications for deficit policies and the utility costs of running debt (Section 3.4).

3.1. Output and debt accumulation

We consider an economy in which output (i.e., GDP) growth is independent and identically distrib-

uted, and we assume that it is generated by a Geometric Brownian motion with parameters µ and

σ,
dyt

yt
= µdt+ σdWt,

where Wt is a standard Brownian motion. The government constraint is Ḋt = �St + iDt, where i is

the short-term rate and St is government surplus. Therefore, the debt-to-GDP ratio, δt, is solution to

dδt = � (st + κ) δtdt� σδtdWt, (1)

7That is, we do not treat fiscal tipping points as part of a singular stochastic control problem. To illustrate, we might
have considered a model in which a government accumulates debt until it optimally decides for austerity, whereby a fiscal
surplus would then occur at an infinite rate. In this case, debt would be driven by a regulated Brownian motion. But a
fiscal surplus run at an infinite rate in a time of austerity does not seem to be plausible.
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where κ � µ� i� σ2, and st is the surplus-to-debt ratio, st =
St
Dt

. In this section, we take the inter-

est rate, i, as exogenously fixed. An exogenously fixed interest rate may result from a central bank

support of debt purchases as well as coercions regarding international capital market movements.

However, Section 5.6 relax this assumption and describe some mechanisms by which compensation

for credit risk is state-dependent. Finally, we assume that the government cannot invest in the finan-

cial market. Its only role is to decide on the amount of deficits. Therefore, assuming that D0 > 0, the

debt-to-GDP ratio is always positive, δt � 0. Finally, we assume that st 2
�
s1, s2�. The two constants,

s1 and s2, represent bounds on governments’ feasible actions. For example, international agreements

may impose constraints on the size of both deficits and surpluses.8

3.2. Policy

We describe an incentive-compatible relationship in which citizens grant governments a mandate to

manage the budget, potentially up to the point of default. Governments, then, maximize the value

of future primary surpluses. Unless otherwise specified (see Section 5.5), we assume that deficits are

not distortionary.

3.2.1. Deficit ratio targets

Government policies are often referenced against key economic indicators such as Gross Domestic

Product or national debt. For instance, the fiscal soundness of E.U. member states is benchmarked

against deficit-to-GDP ratios (e.g., Art. 126 of the E.U. Treaty). In this paper, we assume that the

relevant benchmark pertains to these types of ratios rather than absolute levels, focusing specifically

on deficit-to-debt ratios. That is, citizens evaluate primary deficits relative to the existing stock of

debt. In other words, it is as if governments control the growth rate of the debt-to-GDP ratio, δt, for a

given κ (see Eq. (1)).9 These assumptions enable one to formulate a stationary, Markov problem, and

lead to predictions that can be confronted with common policy discussions. Note that the deficit-to-

GDP ratio, sy,t � stδt, could be an alternative target. However, formulating our problem in terms of

st simplifies Bellman equations and allows us to calculate value functions in closed form.

8Naturally, deficits can be high either due to large expenses or low taxation. We do not model the origins and implica-
tions of the sources of deficits.

9In models with endogenous interest rates (see Section 5.6), the parameter κ is also endogenous.
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3.2.2. Incentive-compatible plans

We assume that citizens benefit from the services covered by the budget, but are not able to perform

these services. They, then, delegate a government and fully understand that accumulating debt may

lead to costly defaults. We assume that, in the absence of any agency issues, governments can run a

cumulative primary surplus equal to St, where

dSt = Stdt+ ψDt

�
dyt

yt
� E

�
dyt

yt

��
, (2)

for some ψ � 0. Thus, the primary surplus now includes a cyclical component. The assumption that

this component scales up with debt is not crucial, although analytically convenient. It implies that

the debt-to-GDP ratio dynamics are still as in (1), but with σ (1+ ψ) replacing σ.

However, governments may benefit from running a cumulative primary surplus dŜt � dSt,

where the wasting gap, dSt � dŜt, can result from political embezzlement and/or management in-

efficiencies. We assume that this gap leads to benefits equal to dBt =
λ
Dt
(dSt � dŜt), for some λ > 0.

Citizens do not observe Ŝt, but would like to incentivize governments to behave, dSt = dŜt, by

offering some fixed compensation (normalized to zero) and a state contingent compensation that is

set in proportion of existing debt, dGt
Dt

say. Thus, the governments’ instantaneous benefits amount to
dĜt
Dt
= dGt

Dt
+ dBt, and their continuation utility is

qt = Et

"Z τ

t
e�χ(u�t) dĜu

Du

#
,

where χ > 0 is the government discount rate, and τ is a stopping time—a random termination

date at which governments lose the incentive to manage the budget, as their continuation utility has

reached zero.

Citizens benefit from primary deficits net of the governments’ compensation, and their utility is

given by

Et

"Z τ

t
e�ρ(u�t)�dŜu � dGu

Du
� e�ρ(τ�t)F

#
,

where ρ > 0 is a discount rate, and F represents the expected cost that citizens must bear at the

termination of the government’s mandate.10 This cost F can be interpreted as the value of the public

infrastructure that enables future governments to operate. We assume that, upon termination, new

10In other words, the economy as a whole incurs total deficits of �dŜu, but citizens benefit only from �dŜu � dGt of
these deficits.
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governments are immediately found, each with a continuation utility equal to some q0 > 0. Finally,

we assume that citizens are more patient than governments, i.e., ρ < χ.

The citizens’ objective is to maximize the expected flow of future services while incentivizing

governments to behave. In Appendix A (see Lemma A.1), we show that the dynamics of the gov-

ernments’ continuation utility are given by

dqt = χqtdt� dĜt

Dt
+ ψσφtdWt, (3)

for some process φt, and that the mandate is incentive-compatible if φt � λ for all t. Thus, the

citizens’ value function can be expressed as

V (q, δ) = inf
φt�λ,dGt�0,st2[s1,s2]

E
�Z τ

0
e�ρt dSt + dGt

Dt
+ e�ρτ F

�
, (4)

subject to (2), to (3) (with dĜt = dGt), to (1) (with σ (1+ ψ) replacing σ), and to the boundary

condition V (0, δ) = F for all δ. In Appendix A, we show that φt = λ for all t (see Lemma A.2) and

that

V (qt, δt) = G (qt) +V (δt) , (5)

where G (�) is a convex function, and

V (δt) = inf
su2[s1,s2]

Et

�Z ∞

t
e�ρ(u�t)sudu

�
. (6)

Figure 1 plots G (q) relying on the parameter values in the legend. The remuneration policy

consists of deferring payments to the government until its continuation utility, qt, reaches a threshold

qo determined in Appendix A. The solution for G (q) for q � qo is calculated by expressing it in terms

of confluent hypergeometric functions of the first kind, as explained by Mele (2022, Appendix 5.C).

Instead, G (q) = G (qo) + q� qo for q � qo. The first best is G (q) = q: when no incentives are needed

to make governments behave, the citizens’ costs are the same as the governments’ continuation

utility. Thus, governments now behave, and seek to maximize deficits for any given level of debt.

Formally, they minimize the expected discounted value of future surplus-to-debt ratios, under the

debt accumulation constraint in Eq. (1).11

11The Internet Appendix D contains an extension of the model that accounts for a cyclical component of the primary
surplus. The extension is consistent with the empirical literature (see Cochrane, 2019), but the model predictions in the
main paper remain the same. Section 3.2.2 also relies on the model in the Internet Appendix D.
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FIGURE 1: INCENTIVE-COMPATIBLE MANDATES: CITIZENS’ COSTS AND GOVERNMENTS’ CON-

TINUATION UTILITY. This picture depicts the solution to (A.3) (the upper curve) when the para-

meter values are F = 3, ρ = 0.20, χ = 0.30 and, finally, the product ψσλ = 0.8. The first best

(lower curve) is obtained as G (q) = q.

3.2.3. Preferences for deficits

The value function in (6) can be given an alternative interpretation. Governments draw short-run

benefits from running primary deficits. These benefits may, for example, result from political divi-

dends related to pressures exerted by the citizens they represent. To illustrate, citizens may neglect

the longer term implications of a debt burden and support governments that assign high weight to

deficits. The time preference parameter ρ determines how myopic governments are. If, say, ρ is high,

governments predominantly care about upcoming budget outcomes. This impatience may link to

pressures related to political competitiveness. Suppose two governments alternate through snap

elections. These governments have the same preferences, but disagree on the deficit composition.

At any instant of time, the government in place faces a joint probability of facing a snap election and

losing that election equal to a constant p. The value function satisfies LV + s� kV + p(V �V) = 0,

where L denotes the infinitesimal generator for the diffusion (1), k is the discount rate and V is some

constant value the government inherits from losing the snap election. This description leads to Eq.

11



(6), with ρ = k+ p.

Motivated by these simple examples, we note that while the parameter ρ represents the citizens’

impatience rate, we shall henceforth refer to ρ as the governments’ impatience rate.

3.2.4. Default and re-entry

We assume that, due to limited market liquidity, there exists a debt level beyond which government

debt may no longer receive market support. In particular, total deficits (including primary deficits

and interest payments) can be financed through new debt issuance only up to a fixed proportion, `,

of GDP. Once this limit is reached, investors withdraw, triggering default. These assumptions imply

the existence of a debt limit, δ̄, such that default occurs once δt reaches δ̄. Appendix B.1 contains a

detailed description of these mechanisms. Thus, the value function satisfies the default condition,

V(δ̄) = V̄, for some δ̄ and V̄ > 0. Default is costly both due to direct costs and because governments

cannot run deficits until they regain access to financial markets after a period of exclusion. Appendix

B.3 shows how to determine the value function in the default state, V̄, in this case. For future

reference, we denote with ϑ the instantaneous probability of re-entry into financial markets.

3.2.5. Optimality: fiscal tipping points

We determine optimality conditions for the government problem. Consider the Bellman equation

0 = inf
s
[LV (δ)� ρV (δ) + s] � 1

2
σ2δ2V 00 (δ)� κδV 0 (δ)� ρV (δ) + inf

s

�
s
�
1�V 0 (δ) δ

��
. (7)

Eq. (7) is subject to boundary conditions. One is that V
�
δ̄
�
= V̄, as discussed; other conditions are

discussed in Appendix A. Eq. (7) suggests that the government deficit strategy should be “bang-

bang,” that is: st = s1 for all values of δt : V 0 (δt) δt < 1 and st = s2, otherwise. In this paper,

we take s1 < 0 and s2 > 0. Given this assumption, and additional properties of V (δ) discussed in

Section 3.2.6, the result is that the government would indeed run a deficit when the debt-to-GDP

ratio δt < δ̂, and a surplus otherwise, for some switching point δ̂.12 For simplicity, we shall refer to

deficit and surplus regimes as those regimes arising when δt < δ̂ and δt > δ̂. It is δ̂ that we define as

the fiscal tipping point.

12That is, the solution to Eq. (7) is found by determining a value for δ that triggers a switch in the equation satisfied by
V (δ). These types of problems are known as Stefan problems (see, e.g., Rubenstein, 1971).
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3.2.6. Marginal cost of debt

Tipping points bear a natural interpretation. Note, first, that the value function, V (δt), is the min-

imized expected value of future surpluses, that is, the utility cost the government incurs when the

debt-to-GDP ratio is δt. Furthermore, we show below that V (δ) is increasing: the closer to default,

the higher the utility cost (see Proposition I). Next, suppose a government is running some primary

deficit. At each point in time, it may either raise debt by some δ∆ or immediately run a surplus of the

same amount. The first alternative implies an increase in its utility costs equal to V (δ+ δ∆)�V (δ);

the second costs just δ∆. Therefore, the government will keep on raising debt as long as

V (δ+ δ∆)�V (δ) < δ∆.

Taking the limits of the previous condition for ∆ �! 0 leaves V (δ) � V 0 (δ) δ < 1, consistent with

Eq. (7). That is, the government runs deficits when V (δ), the marginal cost of raising debt, is less

than the marginal cost of a primary surplus. In Appendix A, we show that V (δ) is strictly increasing.

Thus, fiscal tipping points are values of δ such that the marginal costs of raising debt and entering

into austerity are the same.

3.3. Deficit cycles

Default is costly, and Appendix B discusses several ways to formalize the notion of debt limits and

the default boundary, δ̄. The next proposition provides a general characterization of government

utility costs that holds regardless of the assumptions made about default costs:

Proposition I. (Fiscal tipping point and government utility costs). There exists a threshold value of the

debt-to-GDP ratio δ̂ such that the government runs a deficit st = s1 for all δt < δ̂, and a surplus st = s2 for

all δt > δ̂. The utility costs satisfy V (δt) = VD (δt) 1δt<δ̂ +VS (δt) 1δt>δ̂, where

VD (δ) =
s1

ρ
+ AD2δmD2 , VS (δ) =

s2

ρ
+ AS1δmS1 + AS2δmS2 ,

for some constants δ̂, mD2 > 0, mS1 < 0, mS2 > 0, AD2 > 0, AS1 < 0, AS2 > 0 provided in Appendix A.

The threshold δ̂ decreases with the utility costs at default, V̄.

The threshold δ̂ represents the fiscal tipping point, and, as explained in Section 3.2.4, the default

costs at default are given by V̄ = V
�
δ̄
�
. Figure 2 depicts the utility costs of Proposition 1, assuming
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default occurs through the liquidity channel, as formalized in Appendixes B.1 and B.3. According

to parameter values, default may occur either in the deficit regime (in which case δ̂ > δ̄) or in the

surplus regime (i.e., when δ̂ < δ̄). Figure 2 depicts the case when default occurs in the deficit regime.

Note that the utility costs are increasing and convex in δt, a property discussed below.

There are two regions separated by the fiscal tipping point, δ̂. The region for which δt < δ̂ iden-

tifies the deficit regime, i.e., the region where a government runs a primary deficit. In this region,

the utility costs are small and relatively insensitive to changes in debt for a while. Governments

run a deficit precisely because the marginal costs of increasing debt are also small, V 0 (δt) δt < 1,

as explained in Section 3.2. Note that a primary deficit policy may last for an extended period of

time. For example, given the parameter values in Figure 2, one has that Et

�
δT
δt

���maxu2[t,T] δu � δ̂
�
=

e0.0425(T�t); that is, during a deficit regime, we expect that a debt-to-GDP ratio could triple from, say,

20% to 60% in more than 25 years.

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Debt­to­GDP ratio, t

­0.15

­0.1

­0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

G
ov

er
nm

en
t u

til
ity

 c
os

ts
, V

(
t)

Default in surplus

Deficit
regime

Surplus
regime

Fiscal tipping
point

FIGURE 2: GOVERNMENT UTILITY COSTS. This picture depicts the government utility costs, V (δt)

in Eq. (6), against the debt-to-GDP ratio, δt, with parameters fixed as follows: s1 = �0.05, s2 =

0.05, ρ = 0.30, µ = 0.03, σ = 0.05, i = 0.02. The red and blue curves identify the utility costs in
the regimes where a government runs a primary deficit and a primary surplus. The two regimes
are separated by the fiscal tipping point, δ̂, identified by the tick dashed vertical line. The default
boundary, δ̄ = 1.42, is identified by the thin dashed vertical line, and is obtained through Eq.
(B.1) in Appendix B. Table B.1 in Appendix B gathers the whole set of parameter values that are
utilized in this picture.
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When debt-to-GDP becomes sufficiently high, government utility costs grow at a progressively

higher pace: as δt increases, so does the marginal cost of running additional deficits. When δt hits δ̂,

governments implement a switch in regime, engaging into an austerity policy, the second region in

Figure 2. In this region, governments run surpluses in an attempt to avoid costly default. Naturally,

once δt hits δ̂ from above (the surplus region), another season of deficits begins; governments may

then cycle through primary surpluses and deficits, depending on which regime in Figure 2 δt belongs

to.

While utility costs are increasing and convex in the benchmark parametrization of Figure 2, they

may be concave in δt under different parameter configurations or model variations. For example,

in the version where governments can default strategically (see Internet Appendix C), utility costs

are concave. However, as explained in Section 3.3, the marginal costs of debt always increase with

δt. Consequently, the policy is always to run deficits when both utility costs and the marginal cost

of debt are low, and to switch to a surplus otherwise.

4. The timing of austerity

This section analyzes properties of the fiscal tipping points. We consider a normalized metric, C � δ̂
δ̄
,

interpreted as the complement to distance-to-default at a fiscal tipping point, 1� C. We focus on

the default model with debt limit of Appendix B.1 and that with the Natural Public Debt Limit

(NPDL) of Appendix B.2 (solved in the Internet Appendix B).13 Internet Appendix C provides results

regarding a model where governments default strategically. Figures 2 through 5 depict the main

results. Fiscal tipping points increase with growth, µ. Intuitively, the higher economic growth, the

longer governments may afford to maintain deficits without defaulting. This property is robust to

alternative constellations of parameter values than those reported in this section. However, there

are exceptions discussed below, which arise for relatively low values of µ.

Figure 3 (left panel) shows that the normalized tipping points, C, increase with governments’

short-sightedness, i.e., with ρ. Furthermore, the right panel of Figure 3 shows that the normalized

tipping points increase with the frequency of re-entries, ϑ: the higher the probability of re-entry, ϑ,

the higher the incentives to postpone a switch into the surplus regime. Thus, a higher ϑ implies a

higher probability of default.14 These properties may help explain “serial defaulting”: higher values

13There are, of course, still additional notions of debt limits that may serve as estimates of the default boundary for
our model. One is the the maximum sustainable debt (MSD) developed by Collard, Habib and Rochet (2015), which
takes into account the possibility of default. According to this notion, MSD-to-GDP ratios increase with the maximum
primary surplus and the average growth rate of the economy, and decrease with growth rate volatility. We leave the task
of calibrating our model to alternative definitions of debt limits to future empirical investigations.

14The model with strategic default (in Internet Appendix C) shares this property. The key difference between the two
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of ϑ lead to higher values of C, which raises the probability of default and, hence, the frequency of

default-recovery cycles.
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FIGURE 3: FISCAL TIPPING POINTS, GOVERNMENT TIME PREFERENCES AND PROBABILITY OF RE-
ENTRY AFTER DEFAULT. This picture depicts the debt-to-GDP ratio δ̂ that triggers a change in the
fiscal regime (the fiscal tipping point), expressed as a fraction of the default boundary, C = δ̂

δ̄
, as

a function of growth, µ. The left panel displays tipping points for a given probability of re-entry
after default, ϑ, and varying values for the government time preference rate, ρ. The right panel
displays tipping points for a given government time preference rate, and varying probabilities of
re-entry after default. Remaining parameter values are as in the legend of Figure 2.

These conclusions also hold for the model with NPDL, but are more nuanced. In the Internet

Appendix B, we consider one case with large and one case with tight NPDL. The model predictions

in the first case are the same as those in this section. In the second case, the model predicts that,

in economies with small growth, governments with low ρ now tend to implement austerity later

than myopic governments would. If growth is negative, a patient government would even give up

models is that, in the present formulation, the re-entry probability affects only the fiscal tipping point, whereas in the
strategic default formulation, it also influences the default boundary.
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implementing any austerity plan, thereby defaulting in the deficit regime. The reason is that, with

a low growth and a tight NPDL, governments know they are likely to default soon; however, the

costs of defaulting are, now, relatively small: when ρ is low, governments attach high importance to

the probability of future re-entries into financial markets. In other terms, governments “gamble for

resurrection” whilst enjoying short-term benefits from being in the deficit regime. Note that these

effects do not arise in the benchmark model.

How does macroeconomic volatility affect fiscal tipping points? Figure 4 shows that C decreases

with macroeconomic uncertainty, σ: governments hedge against macroeconomic volatility while

implementing austerity earlier in economies with higher volatility. These effects become more pro-

nounced in the presence of more myopic governments. Interestingly, the model with NPDL predicts

that, in the “tight case,” governments in economies with higher volatility tend to postpone auster-

ity for longer while being confronted with weaker economies (i.e., with small or negative µ): the

reason underlying this conclusion is similar to the previous gamble-for-resurrection explanations.

Section 5.4 studies the implications of these properties on long-term credit spreads. To anticipate,

these spreads do increase with volatility, consistent with some empirical evidence we shall review.

However, the increase may be modest as governments enter into austerity later when volatility is

lower.

Figure 5 plots the normalized tipping points as a function of growth, based on varying levels of

the interest rate. In general, the higher the interest rate, the sooner governments enter into austerity.

However, when interest rates are sufficiently high, and growth is small or negative, governments

tend to postpone austerity. Intuitively, in these cases, governments gamble for resurrection: when

interest rates are high and default is likely anyway, it pays to extend the deficit season as much

as possible. Not surprisingly, these effects are quite strong in the model with NPDL: when debt

limits are tight, this model predicts that, even in economies with moderate growth (i.e., µ = 2%),

the higher the interest rate, the later governments enter into the surplus regime; for example, a

moderately myopic government (i.e., with ρ = 0.10) would plan to default in the deficit regime

when growth is moderate (µ = 1%) and interest rates are high (i = 4%).
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FIGURE 4: FISCAL TIPPING POINTS AND MACROECONOMIC VOLATILITY. This picture depicts the
debt-to-GDP ratio δ̂ that triggers a change in the fiscal regime (the fiscal tipping point), expressed
as a fraction of the default boundary, C = δ̂

δ̄
, as a function of growth, µ. The left (resp., right) panel

depicts fiscal tipping points for a government time preference rate ρ = 0.10 (resp., ρ = 0.30).
Remaining parameter values are as in the legend of Figure 2.
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FIGURE 5: FISCAL TIPPING POINTS AND SHORT-TERM FINANCING COSTS. This picture depicts the
debt-to-GDP ratio δ̂ that triggers a change in the fiscal regime (the fiscal tipping point), expressed
as a fraction of the default boundary, C = δ̂

δ̄
, as a function of growth, µ. The left (resp., right)

panel depicts fiscal tipping points for a government time preference ρ = 0.10 (resp., ρ = 0.30).
Remaining parameter values are as in the legend of Figure 2.

Do governments implement austerity early in the presence of large deficit sizes? Not necessarily.

The first two rows of Figure 6 show that, as the size of the primary deficit increases, governments

may switch to a surplus regime later, at least provided growth is not too high. The reason is that

defaulting becomes more likely with higher deficit sizes, such that governments gamble for resur-

recting and entering the markets later and cycling again with high deficits. The model with NPDL

predicts that these effects are particularly severe in the case of a tight debt limit.
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FIGURE 6: FISCAL TIPPING POINTS AND BUDGET SIZES. This picture depicts the debt-to-GDP
ratio δ̂ that triggers a change in the fiscal regime (the fiscal tipping point), expressed as a fraction
of the default boundary, C = δ̂

δ̄
, as a function of growth, µ. The left (resp., right) panel depicts

fiscal tipping points for a government time preference rate ρ = 0.10 (resp., ρ = 0.30). Remaining
parameter values are as in the legend of Figure 2.

20



Finally, the fiscal tipping points increase with s2 (see the last two rows of Figure 6): as s2 lowers,

governments implement austerity earlier, due to their decreased ability to lower δt while in the

surplus region. Results in the Internet Appendix B confirm that the same conclusions hold for the

NPDL model both in the large and in the tight debt limit cases. Note that the effects of a decrease in

s2 are similar to those of an increase in the short-term spread resulting from a higher δt. For example,

denoting with ∆s2 the primary surplus changes in Figure 6, and assuming that ι (δt) = Iδt>δ̂∆s2, the

dynamics of debt in (1) with
�
s2 � ∆s2� � i are formally the same as those in a second economy

with s2� (i+ ι (δt)). The difference is that, in the first experiment, the budget size is
�
s2 � ∆s2� and,

in the second, is s2 (and policies are distortionary), such that the tipping points differ in these two

experiments. However, the predictions of the model with state-dependent short-term spreads are

qualitatively similar to those in Figure 6 (see Appendix B.1). Section 5.5 and 5.6 analyze how deficit

sizes and state-dependent short-term spreads affect default probabilities and credit spreads in this

model.

5. Spreads

How do default probabilities and premiums behave contingent on given debt statistics? This section

discusses the model predictions, and also provides comparative statics. To illustrate, a higher macro-

economic volatility mechanically increases default probabilities, but also leads governments to enter

into austerity earlier (see Section 4). Which force dominates? More generally, the model parameters

determine both fiscal tipping points and the debt dynamics that arise for a given tipping point. We

analyze the ultimate effects of changes in these parameters in a number of cases that cover vary-

ing liquidity conditions, macroeconomic volatility, and assumptions underlying deficit sizes. The

next section provides definitions of spreads and their connections with default probabilities, and

additional details; Section 5.2 studies the behavior of spreads around fiscal tipping points; Sections

5.3 through 5.5 analyze how spreads are affected by liquidity conditions, macroeconomic volatility

and budget expansions; finally, Section 5.6 studies feedback loops arising through state-dependent

short-term spreads and probabilities of default.

5.1. Default probabilities and spreads

One model assumption is that creditors commit to lending for a small amount of time (see Section

3.5). Unfortunately, the model cannot be solved in closed form under the more realistic assumption

that governments issued long-term liabilities. In order to still benefit from the analytical framework
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of the previous sections, we approximate long-term spreads while solving for the price of a hypo-

thetical contract with an arbitrary maturity that pays $1 conditional upon no-default. We refer this

contract returns in excess of the risk-free rate as “spreads.”15

Consider a time horizon equal to T � t. During this period, the debt-to-GDP ratio, δt, may well

hit the default boundary, δ̄. Let then π (δ, T � t) denote the probability of default at time-T when

δt = δ. Default probabilities are probabilities of hitting times, i.e.,

π (δ, T � t) = 1� Pr
�

max
u2[t,T]

δu � δ̄

���� δt = δ

�
,

where, by Proposition I (see Section 3), the debt-to-GDP ratio satisfies

dδt = � (v (δt) + κ � ι (δt)) δtdt� σδtdWt, v (δt) = s11δt<δ̂ + s21δt>δ̂, δt < δ̄. (8)

Spreads do not affect the government cost of capital, r (δt) � i + ι (δt), where ι (δt) is a fixed

short-term spread determined at time-t (see Section 3.5.1). However, we investigate the asset pricing

implications of a state-dependent short-term rate, r (δt). Let 1� L denote the recovery value of the

bond upon default, where L 2 (0, 1) is a positive constant. We assume that the recovery value, if

any, is only paid off at T. Therefore, the bond price when the spread is θ, satisfies

e�(i+θ)(T�t) = E
�

e�
R T

t r(δu)du
�

1� L
�

1� Imaxu2[t,T] δu�δ̄

������ δt = δ

�
. (9)

For example, assuming that ι (�) is constant and equal to some ι̂, Eq. (9) leads to the following

version of the “credit triangle” relation 1� e�(θ�ι̂)(T�t) = π (δ, T � t) L. That is, default probabilities

and premiums are equivalent notions. However, these notions do not coincide in more general

contexts: Section 5.6 considers a model in which the short-term spread depends on δt; in this model,

the effects of discounting compound with those of default. We call “spread curve” the solution to

(9) that maps debt to spreads, i.e., δ 7�! θ (δ, T � t, L).

5.2. Debt intolerance around fiscal tipping points

A striking property of the model is that the spread curve rises sharply around the fiscal tipping point.

Figure 7 compares drifts and spreads predicted by the model with those predicted by an hypothetical

“reduced-form” model with the same absorbing barrier δ̄: probabilities of hitting times do indeed

15This contract, then, is similar to a Credit Default Swap, in that it protects the buyer from the risk of default whilst not
requiring the holder to be directly exposed to the underlying debt.
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increase disproportionately after some critical point. The model prediction may appear puzzling, as

one might argue that a government in austerity is credibly signaling upcoming improved statistics.

However, in the model, governments enter in austerity precisely when the probability of default is

unacceptably high from their point of view. In other words, austerity occurs “too late” in that, by

definition, it is the very same governments arguing for it being a time for austerity: governments

calibrate their tipping point δ̂ in order to spend as much time as possible in deficit.
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FIGURE 7: DEBT DRIFTS AND SPREADS AROUND FISCAL TIPPING POINTS. The left panel depicts
the drift of δt predicted by the model (see Eq. (8)) (solid line) and by a reduced-form model with
a linear drift equal to κδ(δ̂� δt), and the same volatility and absorbing barrier δ̄ in (8), and where
δ̂ denotes the fiscal tipping point (dashed). The right panel depicts the spreads predicted by the
model (solid line) and the reduced-form model (dashed). Loss-given-default is equal to 60%.
Parameter values are as in the legend of Figure 2 and, for the reduced-form model, κδ = 1.

There is a parallel between these properties and an old notion of “debt intolerance” discussed

by Reinhart, Rogoff and Savastano (2003). These authors discuss contexts in which markets are “al-

lergic” to lending money to Emerging Countries even in the presence of small debt-to-GDP ratios: a

comparable “intake” of debt might be acceptable for Advanced Economies. Similarly, in our model,

the sudden surge in the spreads around δ̂ occurs when governments are in austerity. The point is
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that austerity is arriving late, i.e., precisely when default probabilities are already so high to have

led governments to determine that it is not in their interest to keep on affording a deficit regime.

Spreads are, then, much higher than they would have been if the government had run some other

(from their perspective, suboptimal) moderate deficit policy.16

5.3. Liquidity support and moral hazard

Figure 8 depicts the spread as a function of δt for two default boundaries. The upper curve cor-

responds to an economy where liquidity conditions are tighter (i.e., a lower `). It is an intuitive

property: default probabilities decrease in markets that receive higher liquidity support, as in the

case of a European QE program. Assuming ` = 0.10, a country with a debt-to-GDP ratio around

140% is on the verge of defaulting; when ` = 0.13, 10-year spreads become less than 50 bps. This

simple point may help explain the debt experience of the so-called “peripheral countries” during

the QE programs of the 2010s, or that of countries such as Japan, where public debt is strongly sup-

ported by central banks and domestic investors. Note that the effects of better liquidity conditions

on spreads are evident even while δt is still far from the default boundary.
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FIGURE 8: SPREADS AND LIQUIDITY SUPPORT. This picture depicts the spreads required to invest
in a hypothetical 10-year zero coupon bond, against δt. Loss-given-default is equal to 60%. The

16To illustrate, the spreads resulting for s1 = �0.01 would be just a few basis points for levels of debt less than 200%
and remaining parameter values as in this section.
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uppermost curve obtains with liquidity parameter ` = 0.10, and the lowermost with ` = 0.13.
Remaining parameter values are as in the legend of Figure 2. The vertical lines identify fiscal
tipping points in these two cases (δ̂1 when ` = 0.10 and δ̂2 when ` = 0.13).

While spreads improve with `, governments push back the fiscal tipping points (in this example,

from δ̂1 to δ̂2) due to more elevated default boundaries: a higher liquidity support now creates

moral hazard, providing governments with incentives to run deficits for longer. These properties

provide rationale to policy programs such as the ECB Outright Monetary Transactions, formulated

on September 6, 2012: this program conditioned debt support to governments engaging into fiscal

adjustments. In terms of our model, spreads improve with a better liquidity support, although this

improvement may be temporary, as governments would just enter a new season of deficits before

they reach a new tipping point later. Section 5.6 revisits these problems when borrowing costs are

state-dependent.

5.4. Volatility paradox

We study how macroeconomic volatility affects credit spreads. It is often argued that periods with

low macroeconomic volatility (e.g., the Great Moderation) may contribute to markets with low risk

premiums (see, e.g., Lettau, Ludvigson, and Wachter, 2008). However, it has also been explained that

in good times, when volatility is low, endogenous risk and amplification mechanisms may build up

(see Brunnermeier and Sannikov, 2014; and empirical evidence of Daníelsson, Valenzuela, and Zer,

2018, 2020). As a result, endogenous risk and expected returns may be positive even if exogenous

volatility is small, a phenomenon dubbed “volatility paradox.” Our model predicts similar proper-

ties.

First, governments delay their fiscal tipping points in economies with lower macroeconomic

volatility (see Figure 4 in Section 4). Thus, risk is not solely determined by economic fundamentals

but also by governments’ response to risk, creating a feedback effect. In addition to the feedback ef-

fect, there is a mechanical effect: with less volatile output, δt is less likely to reach the default bound-

ary following adverse exogenous shocks. Figure 9 illustrates that this mechanical effect dominates,

leading to spreads that increase with volatility, consistent with the available empirical evidence (see

Hilscher and Nosbusch, 2010). The figure also provides additional insights into the magnitude of

the feedback effect. Suppose volatility decreases: the left panel shows that the spread curve shifts

downward, though this shift could have been much larger (up to the dashed line) if the government

had not delayed the fiscal tipping points. Similarly, the right panel demonstrates that the spread
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curve increases with volatility, but this increase would have been even more pronounced (see the

dashed line) if governments had not acted prudently by planning austerity earlier.
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FIGURE 9: SPREADS AND MACROECONOMIC VOLATILITY, I. This picture depicts the spreads re-
quired to invest in a hypothetical 10-year zero coupon bond, against δt. Loss-given-default is
equal to 60%. Left panel. The “high vol” curve correspons to a GDP volatility σ = 0.07 and
“low vol” corresponds to a decreased volatility σ = 0.05. The bottom, dashed curve depicts the
spreads resulting from the assumption that the government does not respond to a lower volatil-
ity. Remaining parameters are as in the legend of Figure 2. Right panel. The curves depicts the
spreads in a comparable comparative statics exercise, with s1 = �0.02 and s2 = 0.06.

Figure 10 focuses on the relationship between volatility and spreads. The upper curve represents

the model prediction, while the lower curve is obtained by disregarding the government’s feedback.

Specifically, we calculate the spread for each value of σ under the assumption that governments

set the tipping point as if σ = 0.05. Without government feedback, spreads converge rapidly to

zero as σ decreases. By contrast, our model predicts that as σ declines, governments become more

inclined to “take on risks” by running deficits for longer, resulting in spreads that remain positive

even when σ is very small (see the upper curve). This property helps explain the persistence of

low yet positive spreads in economies that appear highly unlikely to default, such as the U.S. For
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example, Chernov, Schmid, and Schneider (2020) develop a macro-based model that accounts for

the spreads observed in the U.S. Our model offers a complementary perspective: in economies with

lower volatility, governments have stronger incentives to run more persistent deficits.
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FIGURE 10: SPREADS AND MACROECONOMIC VOLATILITY, II. This picture depicts the spreads
required to invest in a hypothetical 10-year zero coupon bond, against macroeconomic volatility.
Loss-given-default is equal to 60%. The top curve obtains with the same parameter values in the
legend of Figure 2, and fiscal tipping points are calculated by feeding the model with each value
of σ in the horizontal axis. The bottom curve obtains when fiscal tipping points are determined
while feeding the model with the same volatility, σ = 0.05. In both cases, debt-to-GDP fixed at
δt = 1.

This model prediction parallels the previous volatility paradox: governments run deficits longer

when macroeconomic volatility is low, which contributes to positive default probabilities. This prop-

erty also parallels others in the corporate finance literature. Acharya, Davydenko and Strebulaev

(2012) find that riskier firms hold more cash, such that the correlation between cash and spreads is

positive. In our model, debt commands a higher premium in riskier economies; however, govern-

ments run deficits for a shorter amount of time in these economies. Thus, our model predicts that

debt carries higher spreads when governments adopt austerity earlier in response to greater macro-

economic volatility. That is, running surpluses longer in our context parallels the property that a
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firm increases liquidity buffers in a riskier environment.

5.5. Reforms

We study the impact of distortionary policies on spreads, which requires a slight extension of our

main model. We provide all technical details in Appendix C. We consider an economy with a neg-

ative growth, µ = �0.5%. The government then undertakes a series of costly initiatives that are

assumed to increase growth. We term such policies “reforms.” While empirical evidence suggests

that fiscal policies might not have a permanent effect on output growth (see, e.g., Ramey, 2016), some

literature has pointed to circumstances in which they could; DeLong and Summers (2012), for exam-

ple, have reconsidered the role of governments in reversing hysteretic effects in economies trapped

at a zero lower bound (see, also, Blanchard, 2018). Naturally, this section does not contribute to this

debate. We simply explore how such reforms, if successful, would affect the cost of government bor-

rowing. We consider two comparative statics experiments, resulting when a change in the budget

size has, or has not, immediate effects.

5.5.1. Unanticipated reforms

Figure 11 depicts results when a reform is announced and immediately implemented, with a budget

deficit increasing from �s1 = 0.05 to 0.06, and the surplus immediately reducing from s2 = 0.05

to 0.04. We assume that the reform is distortionary, in that it entails an immediate and permanent

increase µ to 1.5%; we also assume that the effects of this reform operate immediately. Table 2

provides parameter values used in this example as well as in the benchmark.

µ s1 s2

Benchmark �0.005 �0.05 0.05
Reform 0.015 �0.06 0.04
Reform (neutral) �0.005 �0.06 0.04

TABLE 2: ASSUMPTIONS REGARDING AN UNANTICIPATED FISCAL REFORM. This table provides
parameter values used while implementing the fiscal reform experiments depicted in Figure 11.

The solid, blue line is the spread curve before the reform is announced and implemented. The

solid, red line is the spread curve resulting from the reform. Note that, up to the fiscal tipping point

(δt < δ̂2), the spread curve is substantially below that before the reform: the probability of default

increases with a higher deficit (because the default boundary δ̄ gets tighter), but decreases due to

higher growth, and the second effect dominates. However, as debt statistics deteriorate beyond the
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fiscal tipping point, the spread curve increases dramatically more than under the benchmark. The

obvious reason is that, after the tipping point, when δt gets closer to δ̄, the risk of default becomes

quite relevant after the occurrence of negative shocks. This increased risk dwarfs the effects caused

by an increased µ. Finally, the dashed, red line depicts the spread curve arising when the fiscal

reform is growth-neutral: its only effect is to raise the probability of default.17
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FIGURE 11: SPREADS AND FISCAL REFORMS, I. This picture depicts the spreads required to invest
in a hypothetical 10-year zero coupon bond against δt. Loss-given-default is equal to 60%. The
solid, blue curve is the spread curve before the reform, and obtains with parameter values equal
to s1/2 = �0.05, i = 1%, µ = �0.005, and remaining values as in the legend of Table 2. The solid
and dashed, red curves depict the spread for the effective and the neutral reform, and obtain with
the same parameter values, except s1 = �0.06 s2 = 0.04 and µ = 0.015 (solid) and µ = �0.005
(dashed). The two red, vertical lines identify the fiscal tipping points under the effective (δ̂2) and
neutral (δ̂3) reform, and the blue, vertical line identifies the tipping point δ̂1 before the reform.

These properties parallel those found in the Laffer curve literature, which examines how lower

taxation can lead to higher growth and, in some cases, increased tax revenue and improved debt

sustainability (see, e.g., D’Erasmo, Mendoza, and Zhang, 2016). Our model provides novel predic-

tions regarding default probabilities: a broader yet expansionary budget may even lower spreads,
17This property is not trivial, as governments plan to implement austerity earlier under the neutral reform. However,

the default boundary would also occur earlier in this model. The Internet Appendix B provides results by which spreads
may lower even under a neutral reform in the model with NPDL of Appendix B.2, provided the debt limit is large enough.
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provided debt levels are sufficiently low. However, it remains an open question whether the distor-

tionary effects hypothesized in Figure 11 can be quantitatively replicated in a production economy.

In standard models, fiscal policies—though distortionary—typically affect only the level of GDP,

without leaving permanent effects on output growth. By contrast, the key assumption in this section

is that fiscal policies influence long-term growth. We now examine how these predictions change

when a reform is announced to take effect conditional on the state of the economy.

5.5.2. Reform announcements

We analyze the effects of a reform announcement. We assume that the government is in austerity

(δt > δ̂) and that the economy experiences a growth rate µ2 � �0.005. The government, then, com-

mits to implement a reform once debt statistics improve, only to undergo austerity again had debt

statistics to overshoot the fiscal tipping point. Table 3 provides parameter values for this experiment.

Because, now, the reform is not immediately implemented, we still have that s2 = 0.03, as in the first

line of Table 2. We assume that, once the reform is implemented (with deficit size �s1 increasing by

j∆sj = 0.01), growth will increase by j∆µj � 0.02. Under conditions (see Appendix B), the model

solution is as in Proposition I, but with parameter values equal to µ1 in the deficit regime and µ2

in the surplus regime: one condition requires a more limited range of variation for the budget sizes

[s1, s2] than that in Table 2. Figure 12 depicts our results.

µ1 µ2 s1 s2

Benchmark �0.005 �0.005 �0.03 0.03
Reform (announced) 0.015 �0.005 �0.04 0.03
Reform (unanticipated) 0.015 0.015 �0.04 0.02

TABLE 3: ASSUMPTIONS REGARDING ANNOUNCED AND UNANTICIPATED FISCAL REFORMS. This
table provides parameter values used while implementing the fiscal reform experiments summa-
rized in Figure 12. The parameters µ1 and µ2 are GDP growth rates in the deficit and the surplus
regime.
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FIGURE 12: SPREADS AND FISCAL REFORMS, II. This picture depicts the spreads required to
invest in a hypothetical 10-year zero coupon bond against δt. Loss-given-default is equal to 60%.
The solid, blue curve identifies the spread curve before the reform, and obtains with parameter
values equal to s1/2 = �0.03, i = 1%, µ = �0.005, and remaining values as in the legend of
Figure 2. The solid, red curve is the spread curve for the announced reform, and obtains with the
same parameter values, except

�
s1, s2� = (�0.04, 0.03), and growth µ1 = 0.015 (deficit regime)

and µ2 = �0.005 (surplus). The solid, dashed curve is the spread curve for the unanticipated
reform, and obtains with the same parameter values, except

�
s1, s2� = (�0.04, 0.02), and µ =

0.015. The two red, vertical lines identify the fiscal tipping points under the announced (δ̂2) and
unanticipated (δ̂3) reforms, and the blue, vertical line identifies the tipping point δ̂1 before the
reform.

Note, now, that spreads are higher under the unanticipated reform than under the benchmark:

while the fiscal tipping point lowers (from δ̂1 to δ̂3), growth is not high enough to compensate for the

increased risk of default that is induced by a larger budget size, �s1. However, spreads are lower

under the announced reform than under the unanticipated: in the announced reform, austerity is

more severe (i.e., s2 is now higher) and growth is weaker, and the fiscal tipping point is lower,

whence the lower spreads. In other words, governments act prudently knowing that the effects

of a reform may only take place once debt statistics improve. In this particular example, spreads

decrease compared to the benchmark, provided debt statistics are sufficiently low.
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5.6. State-dependent interest rates and feedback loops

This section relaxes the assumption that interest rates are state-independent. For convenience, we

assume that the short-term rate is r (δt) = i1 + ι (δt) � i1Iδt<δ̂ + i2Iδt�δ̂ (i1 = i = 1% and i2 = 2.5%):

the debt demand schedule becomes tighter as debt statistics deteriorate beyond the fiscal tipping

point. This assumption is analytically convenient and its meaning is intuitive: interest rates rise

precisely when even governments find δt (and the probability of default) to be unacceptably high.

Therefore, governments’ policy is distortionary in that interest rates depend on the fiscal regime

(deficit or surplus).

A tighter demand schedule for larger values of δt affects governments’ behavior. Figure 13 plots

probabilities of default and long-term spreads against δt for both this model and the benchmark. The

tipping point is now much lower in the model with state-dependent rates than in the benchmark.

Moreover, probabilities of default may be much lower than when interest rates are constant (left

panel), despite the intuitive fact that the default boundary decreases compared to the benchmark

(see Eq. (C.3) in Appendix B). Spreads are larger, however (right panel). We now explain these

properties.

In the model, a tighter demand for debt in the surplus region leads to a feedback property: once

δt is in the surplus region, interest rates increase, which makes δt more likely to remain in the surplus

region, thereby keeping interest rates high, over a vicious circle. In anticipation of these feedback

effects, governments pull back from the deficit regime earlier than in the absence of feedbacks: in

Figure 13, the fiscal tipping point lowers from δ̂1 to δ̂2, such that the implied distance to default

1� C (see Section 4) increases, approximately, from 9% to 20%. The probabilities of default, then,

decrease (compared to the benchmark case) while δt is sufficiently away from the default boundary.

Note that spreads always increase in this calibration of the model, reflecting heavier discounts (see

Eq. (9)). However, the Internet Appendix B shows that in the presence of the same feedback effects of

this section, spreads do decrease in the model with NPDL. The main reason is that, in this model, the

default boundary is tighter in the presence of feedbacks; in the NPDL model, the default boundary

is independent of the interest rate in the surplus region.
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FIGURE 13: SPREADS AND STATE-DEPENDENT INTEREST RATES. The left panel depicts probabili-
ties of default and the right panel depicts the spreads required to invest in a hypothetical 10-year
zero coupon bond against the debt-to-GDP ratio, δt. Loss-given-default is equal to 60%. The red
curve (“Benchmark”) obtains with parameter values set equal to s1/2 = �0.03, i = 1%, µ = 1%,
and other values as in the legend of Figure 2. The blue, dashed curve (“With state-dependent in-
terest rates”) obtains with the same parameter values, except that the interest rate changes across
regimes, being equal to i1 = 1% in the deficit regime and i2 = 2.5% in the surplus regime. The two
vertical lines identify the fiscal tipping points in the benchmark (δ̂1) and in the state-dependent
interest rate case (δ̂2).

Blanchard (2019) explains that increasing debt involves small fiscal costs when interest rates are

low. In our benchmark model, low interest rates, by incentivizing governments to run primary

deficits for longer, lead δt to increase, and quite substantially. The benchmark model can be thought

of describing the case in which interest rates are stabilized by a program such as QE. In the model of

this section, however, default probabilities are much lower when δt is low, as higher borrowing costs

in bad times discipline government behavior. Naturally, as δt approaches the default boundary, these

probabilities increase very quickly under market discipline; still, stabilizing interest rates would lead

governments to accumulate more debt as a result of additional primary deficits, as illustrated by the

benchmark curve in Figure 13. Thus, and similar to mechanisms analyzed in Section 5.3, the model

rationalizes the claim that debt support may create moral hazard. For example, Eichengreen (2019)
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informally explains that QE policies, by artificially depressing the cost of government borrowing,

may lead governments to increase deficit spending more than under market discipline. Our model

predicts that this is precisely the case.

6. Conclusion

Accumulation of national debt frequently makes the object of influential debates. For example, Rein-

hart and Rogoff (2010) conclusions are thought to have affected policymaking during the European

debt crisis of the early 2010s. This paper deals with a related issue. When governments have pref-

erences for deficits (or receive incentive-compatible mandates from citizens with these preferences),

austerity plans may arrive too late to avert a debt crisis: governments implement austerity plans

only when the probability of defaulting reaches a level that they, themselves, consider unacceptable.

In particular, we find that fiscal tipping points occur at a distance-to-default between 10% and 20%.

These figures are reminiscent of debates centered around the existence of ballpark estimates of “tol-

erable” debt sizes. Our model predicts that fiscal tipping points depend on a variety of statistics

that can be calibrated using actual data, such as economic growth, macroeconomic volatility, bud-

get sizes, probabilities of re-entry after default, or governments’ impatience; still, we find that the

[10%,20%] range is robust to several alternative model calibrations.

Debt substainability is highly country-specific and there do not seem to exist general ways for as-

sessing its degree. Our model provides a number of testable predictions regarding how fiscal tipping

points, default probabilities and premiums vary with economic growth, macroeconomic volatility,

probabilities of re-entry, the size of fiscal budgets, and fiscal reforms. For example, spreads increase

with governments’ short-sightedness or debt market illiquidity. Governments also push back fiscal

tipping points in economies with less macroeconomic volatility, such that spreads remain positive

even when macroeconomic risk is very small, and are, then, higher in countries that implement aus-

terity earlier—two public debt versions of the “volatility paradox.” Liquidity support in bad times

(i.e., when debt is high) may temporarily help governments maintain low spreads; however, they

also create moral hazard, incentivizing governments to run deficits for longer, and increasing future

debt and spreads accordingly. Exploring the empirical content of these theoretical propositions is

left for future research.
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Appendix A: Deficit policy

A.1. Incentive-compatible mandates

We provide proofs for Section 3.2.2. The following lemma provides the dynamics of the governments’ contin-
uation utility and a condition for incentive-compatibility of their mandate. We have:

Lemma A.1. There exists some measurable process φt such that Eq. (3) in the main text holds, and the governments’
mandate is incentive-compatible if and only if φt � λ for all t.

Proof. Note that

q̄t � Et

"Z τ

0
e�χu dĜu

Du

#
=
Z t

0
e�χu dĜu

Du
+ e�χtqt. (A.1)

Because q̄t is a martingale, then, by the Martingale Representation Theorem, there exists a measurable process
φt such that

q̄t = q̄0 + ψσ
Z t

0
e�χuφudWu. (A.2)

Therefore, by expanding (A.1) and (A.2), and equating the results, yields (3). Next, define temporarily q̂t as
the government continuation utility when the cumulative surplus history is (Ŝu)u�t. We have

dq̂t = χq̂tdt� dĜt

Dt
+ ψσφtdWt

= χq̂tdt�
�

dGt

Dt
+

λ

Dt
(dSt � dŜt)

�
+

φt
Dt
(dSt � Stdt)

= χq̂tdt� dGt

Dt
+

1
Dt
(φt � λ)

�
dSt � dŜt

�
+

φt
Dt

�
dŜt � Stdt

�
.

By integrating,

q̂0 = q0 + E
�Z τ

0
e�χt 1

Dt
(λ� φt)

�
dSt � dŜt

��
� E

�Z τ

0
e�χt φt

Dt

�
dŜt � Stdt

��
.

Because dSt � dŜt, the governments’ mandate is incentive-compatible if and only if φt � λ, in which case
dSt = dŜt and, then, q̂0 = q0. �

Now, based on Lemma A.1, we can re-write the program in (4) in the main text as

V (q, δ) = inf
φt�λ,dGt�0,st2[s1,s2]

E
�Z ∞

0
e�ρt (stdt+ dGDt)

�
,

subject to �
dqt = χqtdt� dGDt + ψσφtdWt
dδt = � (st + κ) δtdt� σ (1+ ψ) δtdWt

where dGDt � dGt
Dt

. The Bellman’s equation for this problem is

0 = inf
φ�λ,dG�0,s2[s1,s2]

�
(LV (q, δ) + s� ρV (q, δ)) dt+

�
1� Vq (q, δ)

�
dGD

�
, V (0, δ) = L.
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where

LV (q, δ) =

0BBB@
1
2

ψ2σ2φ2Vqq (q, δ) + χqVq (q, δ)

+
1
2

σ2 (1+ ψ)2 δ2Vδδ (q, δ)� (s+ κ) δVδ (q, δ)

�σ2ψ (1+ ψ) φδVqδ (q, δ)

1CCCA ,

and subscripts denote partial derivatives. It is easy to see that V (q, δ) is as in Eq. (5), such that V (δ) is as in
(6), and G (q) solves the Hamilton-Jacobi-Bellman variational inequality

0 = inf
φ�λ

�
1
2

ψ2σ2φ2G 00 (q) + χqG 0 (q)� ρG (q) ,G 0 (q)� 1
�

, G (0) = F. (A.3)

The policy is to implement a cumulative compensation ` (qo, t), the local time of qt at qo, where qo is such
that G 0 (qo) = 1 (free boundary) and G 00 (qo) = 0 (super-contact).

Lemma A.2. The problem in (A.3) is solved by φ = λ.

Proof. It is sufficient to show that G (q) is convex. The proof extends that in Mele (2022, Chapter 5).
Assume that G 0 (q) < 1, and differentiate the differential equation in (A.3) and evaluate the result at q = qo,
obtaining

0 =
1
2

ψ2σ2φ2G 000 (qo) + χG 0 (qo) + χqG 00 (qo)� ρG 0 (qo) =
1
2

ψ2σ2φ2G 000 (qo) + χ� ρ.

Then, because citizens are more patient than the government, G 000 (qo) < 0. This inequality implies that
G 00 (qo � ∆qo) > G 00 (qo) = 0, for small ∆qo > 0. Next, we show that G 00 (q) > 0 for all q < qo. Indeed, suppose
the contrary, i.e., that there exists a q� : G 00 (q) > 0 for all q 2 (q�, qo) and G 00 (q�) = 0. These assumptions
imply that G 000 (q�) > 0. Now, differentiating the differential equation in (A.3), evaluating the result at q = q�
and using G 00 (q�) = 0,

G 0 (q�) =
1
2

ψ2σ2φ2G 000 (q�)
ρ� χ

< 0. (A.4)

Finally, evaluating the differential equation in (A.3) at q = q�, and using G 00 (q�) = 0 again,

χq�G 0 (q�) = ρG (q�) > 0. (A.5)

The two inequalities (A.4) and (A.5) are in contradiction. �

Thus, based on Lemma A.2, we can determine citizens’ costs G (q) through the variational inquality

0 = min
�

1
2

ψ2σ2λ2G 00 (q) + χqG 0 (q)� ρG (q) ,G 0 (q)� 1
�

, G (0) = F,

and just as described in the main text.

A.2. Governments’ utility costs

We provide proofs of claims made in Sections 3.2-3.3, regarding the value function V (�) in (6).
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Proof of Proposition I. Consider the Bellman equation in Eq. (7),

0 =
1
2

σ2δ2V00 (δ)� (s (δ) + κ) δV0 (δ)� ρV (δ) + s (δ) , (A.6)

where

s (δ) =
�

s1, for all δ : V0 (δ) δ < 1
s2, for all δ : V0 (δ) δ > 1

(A.7)

We search for a solution of this type and conjecture that this solution is such that the mapping δ 7�!
V0 (δ) δ is increasing and such that V0 (δ) δ < 1 for arbitrarily small values of δ. These properties will be
verified later. The solution to Eq. (A.6) is V (δ) = VD (δ) 1δ<δ̂ +VS (δ) 1δ>δ̂, where

VD (δ) =
s1

ρ
+ AD1δmD1 + AD2δmD2 , VS (δ) =

s2

ρ
+ AS1δmS1 + AS2δmS2 , (A.8)

for four constants AD1, AD2, AS1, AS2, and

mX 1/X 2 =
1
2
+

sX + κ

σ2 �

s�
1
2
+

sX + κ

σ2

�2
+

2ρ

σ2 , sD � s1, sS � s2. (A.9)

It is straightforward to show that mD1 < 0, mD2 > 0, mS1 < 0, and that mS2 > 0. Note that, by (6),
V (δ) � s1

ρ for all δ > 0. Therefore, AD1 = 0 and, below, we show that AD2 > 0.
Next, we impose the following conditions, which all have to hold, provided governments default in the

surplus regime.

(i) Free boundary: V0D (δ) δ
��
δ=δ̂

= 1;

(ii) Value matching: VD(δ̂) = VS (δ̂);

(iii) Smooth-pasting: V0D (δ)
��
δ=δ̂

= V0S (δ)
��
δ=δ̂

;

(iv) Default boundary: V(δ̄) = V̄.

We need to apply the default boundary (iv) in two distinct cases resulting according to whether default
occurs in the deficit or in the surplus regime. We analyze these cases below. For brevity, this appendix relies
on the assumption that V̄ � s2

ρ ; in Internet Appendix A, we show that the model solution is still the same

when V̄ > s2

ρ .

� If default occurs in the deficit regime, the utility costs are entirely determined by (iv), with V(δ̄) =
VD(δ̄) = V̄. Default occurs in the deficit regime provided δ̂ > δ̄, where δ̂ satisfies (i). Because, as
argued above, AD1 = 0, then, the two conditions (i) and (iv) are

mD2 AD2δ̂
mD2 = 1, V̄ =

s1

ρ
+ AD2δ̄

mD2 , (A.10)

which leave the following solution for the tipping point δ̂ and the coefficient AD2,

δ̂ =

�
mD2

�
V̄ � s1

ρ

��� 1
mD2

δ̄, AD2 =

�
V̄ � s1

ρ

�
δ̄
�mD2 . (A.11)
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Therefore, default occurs in the deficit regime, provided δ̂ > δ̄, that is, when

mD2

�
V̄ � s1

ρ

�
< 1. (A.12)

We now verify that if, instead, (A.12) does not hold, default does indeed occur in the surplus regime.
We verify the claim while analyzing the utility costs in the surplus regime.

� If default occurs in the surplus regime, conditions (i)-(iv) hold, with V(δ̄) = VS (δ̄) = V̄ in (iv). Below,
we shall establish that the thusly determined function also satisfies (v) V00D (δ)

��
δ=δ̂

= V00S (δ)
��
δ=δ̂

, a
super-contact condition. The first four conditions are8>>>>>>><>>>>>>>:

mD2 AD2δ̂
mD2 = 1 (i)

s1

ρ
+ AD2δ̂

mD2 =
s2

ρ
+ AS1δ̂

mS1 + AS2δ̂
mS2 (ii)

mD2 AD2δ̂
mD2 = mS1 AS1δ̂

mS1 +mS2 AS2δ̂
mS2 (iii)

V̄ =
s2

ρ
+ AS1δ̄

mS1 + AS2δ̄
mS2 (iv)

(A.13)

Note that, because mD2 > 0, then, by (i), it must be the case that AD2 > 0. Moreover, replacing (i) into
(ii)-(iii) leaves a system of two equations with the two unknowns yi � AS i δ̂

mS i , i = 1, 2, solved by

Y1 =
BmS2 � 1

mS2 �mS1
, Y2 =

1� BmS1

mS2 �mS1
, B � s1 � s2

ρ
+

1
mD2

. (A.14)

Replacing the solution for Y1 into (iv) yields the following equation in δ̂

V̄ � s2

ρ
= ϕ(δ̂/δ̄), ϕ (x) � Y1x�mS1 +Y2x�mS2 . (A.15)

Assume, now, that (A.12) does not hold. We claim that Y1 < 0. Indeed, note that

1 < mD2

�
V̄ � s1

ρ

�
� mD2

�
s2 � s1

ρ

�
.

This inequality implies that B < 0 and, then, that Y1 < 0. Moreover, by direct but lengthy calculations in
the Internet Appendix A, we find that Y2 > 0. Thus, the function ϕ (x) is strictly decreasing. Moreover,
we have that limx�!0 ϕ (x) = ∞ and limx�!∞ ϕ (x) = �∞, such that there exists a solution x to (A.15)
depending on V̄, say x(V̄), which is decreasing in V̄. Moreover,

ϕ(x(V̄)) = V̄ � s2

ρ
>

s1 � s2

ρ
+

1
mD2

= B = Y1 +Y2 = ϕ (1) .

Therefore, we have shown that if (A.12) does not hold, x(V̄) < 1, or δ̂ < δ̄, that is, default occurs in the
surplus regime, as previously claimed. Let, then, δ̂ denote the solution to Eq. (A.15). The solutions to
the remaining coefficients are

AD2 =
δ̂
�mD2

mD2
, AS i = Yi δ̂

�mS i , i = 1, 2. (A.16)

Thus, Proposition I follows by Eq. (A.8), and the government utility costs V (δ) are as follows:
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� If (A.12) holds, the government defaults in the deficit regime, and

V (δ) = VD (δ) =
s1

ρ
+ AD2δmD2 , (A.17)

where AD2 is as in (A.11);

� If (A.12) does not hold, the government defaults in the surplus regime, and

V (δ) = VD (δ) 1δ<δ̂ +VS (δ) 1δ>δ̂,

where AD2, AS1 and AS2 are as in (A.16), VD (δ) is as in (A.17), and the threshold value equals δ̂ =
x (V̄) δ̄, where x (V̄) is the solution to (A.15).

Note that, in the special case in which the utility costs at default are V̄ = s2

ρ , the threshold value δ̂ (resulting
when default occurs in the surplus regime) can be solved in closed form as

δ̂ =

�
�Y2

Y1

� 1
mS2�mS1

δ̄.

It is easy to check that, when (A.12) (with V̄ = s2

ρ ) holds, then B > 0, such that Y2 > �Y1 or δ̂ > δ̄: govern-

ments then default in the deficit regime. Likewise, when (A.12) (with V̄ = s2

ρ ) does not hold, then, δ̂ < δ̄, and
governments default in the surplus regime.

Finally, note that Eq. (A.15) is satisfied by the ratio δ̂/δ̄ also when V̄ > s2

ρ . In the Internet Appendix A, we
show that Y1 < 0 and Y2 � 0 in this case too, such that the function ϕ is still decreasing. Therefore, the ratio
δ̂/δ̄ solution to Eq. (A.15) is decreasing with V̄, which establishes the last statement of the proposition.

Super-contact condition. The functions VD (δ) and VS (δ) both satisfy the ordinary differential equation (A.6).
Subtracting the equation for VS (δ) from the equation for VD (δ), and evaluating the result at δ = δ̂, leaves

0 =
1
2

σ2δ̂
2 �V00D(δ̂)�V00S (δ̂)

�
�
�

s1V0D(δ̂)� s2V0S (δ̂)
�

δ̂� κδ̂
�
V0D(δ̂)�V0S (δ̂)

�
� ρ

�
VD(δ̂)�VS (δ̂)

�
+
�

s1 � s2
�

.

Using conditions (i) and (ii) in (A.13) leaves

0 =
1
2

σ2δ̂
2 �V00D(δ̂)�V00S (δ̂)

�
�
�

s1 � s2
�
+
�

s1 � s2
�

,

such that V00D (δ)
��
δ=δ̂

= V00S (δ)
��
δ=δ̂

.

Monotonicity of marginal utility costs. Define the marginal utility costs as V (δ) � V0 (δ) δ, where V (δ) is
as in Proposition I, and VD (δ) and VS (δ) are as in (A.8). It is immediate to see that, for all δ � δ̂, V (δ) � 1
and V 0 (δ) > 0. We claim that V 0 (δ) > 0 for δ > δ̂ too, which would also establish that V (δ) > 1 for all δ > δ̂.
Indeed, note that

0 <
d
dδ

�
V0D (δ) δ

�����
δ=δ̂

= V 0 (δ)
��
δ=δ̂

=
�
V00S (δ) δ

���
δ=δ̂

+ V0S (δ)
��
δ=δ̂

� Φ(δ̂),

where the first inequality follows by a simple calculation, and the equalities follow by condition (iii) and
because V satisfies the super-contact condition. Thus, Φ(δ̂) > 0, where, using the expression for VS , Φ (δ) �
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m2
S1 AS1δmS1�1 +m2

S2 AS2δmS2�1; that is, using the expressions of AS i in (A.16),

1 > Q �
�

mS1

mS2

�2 �Y1

Y2
> 0.

Next, we show that Φ (δ) > 0 for all δ > δ̂, thereby establishing our claim. For all δ > δ̂, we have that
Φ (δ) > 0 if and only if

δmS2�mS1 > �
�

mS1

mS2

�2 AS1

AS2
= Qδ̂

mS2�mS1 .

This inequality does indeed hold for all δ > δ̂, because mS2 > 0, mS1 < 0 and Q < 1. Therefore, marginal
utility costs are increasing for all δ � δ̄.

Appendix B: Debt limits, re-entry, and costs of defaulting

Whilst governments cycle through primary deficits and surpluses, investors may not be able to absorb any
amount of new debt. In Appendix B.1, we define a debt limit as the level of debt δ̄, beyond which, new deficits
may not be re-financed due to current or potential liquidity crises. Default occurs at such δ̄. Appendix B.2
contains a succinct discussion of alternative measures of debt limits, some of which we experiment with in the
Internet Appendix B. Finally, we assume that, after default, the government enters into a period of financial
exclusion, but may re-gain access to financial markets with some exogenously given probability. Appendix
B.3 provides details on the utility costs incurred at default as a result of these assumptions. Appendix B.4
provides a summary of the whole set of parameters utilized in the benchmark model of this paper.

B.1. Short-term spreads and a debt limit

We assume that, at any point in time, t, a large number of investors compete to supply funds at an instanta-
neous rate equal to i+ ιt, and for a small amount of time equal to ε̄. This amount of time is arbitrarily small
and reflects delays financial intermediaries experience whilst quitting a market segment. These assumptions
ensure that at least some investors suffer from a government default. We assume that the credit spread, ιt, is
an increasing function of δt, i.e., ιt � ι (δt) and denote ῑ � maxδ ι (δ), for some ῑ : jῑj < ∞. This assumption
captures the idea that as δt approaches the default boundary, there are fewer and fewer investors able to bear
risks, that is, the supply of funds decreases (and, mechanically, the market clearing interest rate increases)
with the risk of default. We also assume that governments may finance total deficit through new debt is-
suance, provided however this additional debt is less than a fixed proportion of GDP: (�st + i+ ι (δt)) δt < `,
for some ` > 0. We refer to this inequality as the government liquidity constraint. Investors pull from the
market once this limit is hit, leaving the government in default and unable to renew outstanding debt.

Investors lend at t if the previous liquidity constraint is met and if they estimate that governments will not
face a liquidity crisis at any time before ε̄, based on the following worst-case scenario:
sups,ι Et (�sδt+ε + (i+ ι) δt+ε) < `, that is, δt

�
�s1 + i+ ῑ

�
e�(s

1+κ�ῑ)ε < ` for all ε 2 (0, ε̄). We term this
inequality risk-bearing capacity constraint. We assume that the total maximum amount of deficit over debt is
large enough, compared to GDP growth, i.e., µ� σ2 < �s1 + i+ ı̄. Under this condition, both liquidity and
risk-bearing capacity constraints hold when

δt < δ̄ � `e(s
1+κ�ῑ)ε̄

i+ ῑ� s1 . (B.1)

We define default time as τ = inf
�

t : δt = δ̄
	

. Eq. (B.1) provides the expression for the default boundary
δ̄ that is utilized in Figure 2, the paper benchmark. Its value is obtained using the parameter values in Table
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B.1 described in Appendix B.4.

B.2. Alternative measures of debt limits

The main mechanisms of our model operate independently of the assumptions made about the default bound-
ary. Therefore, one may consider alternative estimates of debt limits, which may affect the quantitative prop-
erties of the model. One such alternative relies on standard notions of sustainable debt, i.e., the level of
outstanding debt that matches the present discounted value of the primary surpluses. D’Erasmo, Mendoza,
and Zhang (2016) contain an extensive survey of a large literature around this notion, its refinements and
extensions. Consider, for example, the Natural Public Debt Limit, defined as the present value of the future
surpluses in a state of fiscal crisis, that is, when the government is unable to borrow more and keeps its
overlays to the minimum tolerable levels, viz

Dt � Et

�Z ∞

t
e�i(u�t)Sudu

�
� yt

s̄
ı̄n � µ̄

,

where s̄ is surplus-to-GDP ratio resulting from the difference between the worst realization of revenues and
the minimum overlays, and ı̄n and µ̄ are the interest rate and output growth in such a fiscal crisis. That is,

δt < δ̄n �
s̄

ı̄n � µ̄
. (B.2)

In the Internet Appendix B, we solve the model while relying on δ̄n as a measure of a debt limit; in
Sections 4 and 5, we comment on the main implications of these assumptions on fiscal tipping points and
default probabilities.

B.3. Re-entry and default costs

After default, the government loses access to financial markets and is bound to a no-deficit policy. However, it
may eventually re-gain access to markets. We assume that the probability of re-entry has a constant intensity
equal to ϑ, and that re-entry, if any, will occur with a debt level equal to a fraction γ of the debt at default. We
assume that γ is small enough to guarantee that re-entry occurs at the deficit regime, a simplifying albeit not
crucial assumption.

Government default entails two types of utility costs. First, the government incurs a lump sum cost that
varies proportionally with the debt-to-GDP ratio at the time of default, ξδ̄, for some positive constant ξ. This
cost reflects the burden the government bears while dealing with its bankruptcy, such as litigation costs,
international stigma, or loss in popularity related to trade embargoes. For example, Panizza and Borensztein
(2009) explain that the political consequences of default are quite significant for incumbent governments, and
that these costs may be even more severe than the direct, likely short-lived, economic costs related to financial
exclusion.

Second, during the exclusion period, the government experiences a cost equal to ε > 0 per unit of time.
This cost reflects the burden inherent in building up the new image needed to re-entry the markets: for ex-
ample, ε may be a small surplus-over-debt at default, a surplus that may be stored for, and/or distributed
to, creditors. Note that, in the literature, the typical costs associated with financial exclusion regard losses
in real economic aggregates (see, e.g., Aguiar, Chatterjee, Cole, and Stangebye; 2016). Our costs for financial
exclusion are, instead, consistent with our focus on governments’ preferences for deficits: defaulting entails
an inability to run deficits for a while, which results in an utility loss ε > 0 per unit of time.
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Below, we show that

V̄ = lim
δ!δ̄

C (δ) , C (δ) � ε

ρ+ ϑ
+

ϑ

ρ+ ϑ
V(γδ)| {z }

�Cd(δ)

+ ξδ, (B.3)

where Cd(δ̄) is the utility cost the government bears during the exclusion period. To summarize, default
costs increase with the level of debt at default, due to re-entry mechanisms (i.e., through Cd(δ̄)) as well as
to one-time utility costs (i.e., through ξδ̄). The results in Figure 2 (see Section 3.4) are obtained based on the
specification in Eq. (B.3).

Proof of Eq. (B.3). Consider, first, the following heuristic arguments. Assume that time increments are
discrete and equal to ∆t. At each point in time during the exclusion period, t � τ, the government utility
costs are given by the imminent costs, ε∆t, plus the utility costs expected for the next period, viz

Cd(δ̄) = ε∆t+ e�ρ∆t[(1� e�ϑ∆t)V(γδ̄) + e�ϑ∆tCd(δ̄)]. (B.4)

The second term on the R.H.S. summarizes the expected discounted utility costs: with probability 1� e�ϑ∆t,
the government will re-gain access to markets, in which case its utility costs equal V(γδ̄); with probability
e�ϑ∆t, the government will be stuck in exclusion, incurring in utility costs still equal to Cd(δ̄). Eq. (B.3)
follows, heuristically, by taking limits in (B.4) and by re-arranging terms.

A rigorous proof of Eq. (B.3) is as follows. At each instant of time t, the probability that the government is
still in a state of financial exclusion is e�ϑt, whereas the probability of re-entry is ϑe�ϑt. Therefore, the utility
costs at default are

C (δτ) = ξδτ +
Z ∞

0
e�ρt

h
e�ϑtε+ ϑe�ϑtV (γδτ)

i
dt, (B.5)

where the terms inside the brackets in the integral are the expected instantaneous utility cost at time t > τ.
Eq. (B.3) follows by Eq. (B.5).

Solution with re-entry. We provide an explicit characterization of the solution in Proposition I, based on the
expression for V̄ in Eq. (B.3). Deficit may occur in the default or surplus regime, according to whether (A.12)
holds.

� Default in the deficit regime. By replacing the first into the second equality of (A.10),

s1

ρ
+

1
mD2

x�mD2 = V̄ =
ε

ρ+ ϑ
+

ϑ

ρ+ ϑ
V(γδ̄) + ξδ̄, V(γδ̄) =

s1

ρ
+

γmD2

mD2
x�mD2 ,

where we have defined x � δ̂
δ̄
, used the expression for the utility costs at default in Eq. (B.3), and the

assumption that re-entry occurs in the deficit regime. That is,

ξδ̄+
ε� s1

ρ+ ϑ
=

ρ+ ϑ (1� γmD2)

mD2 (ρ+ ϑ)
x�mD2 . (B.6)

It is immediate to show that, given the assumptions on the sign of all coefficients, and mD2 > 0, there
exists a unique solution to Eq. (B.6), denoted as xD , and the Internet Appendix A confirms that xD > 1.
Thus, δ̂D = xD δ̄, and

AD2 =
δ̂
�mD2
D
mD2

. (B.7)

Eq. (B.7) completes the solution for the government utility costs in the case default occurs in the deficit
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regime.

� Default in the surplus regime. Replacing the expression of V̄ in Eq. (B.3) into Eq. (A.15) leaves

ε

ρ+ ϑ
+

ϑ

ρ+ ϑ

�
s1

ρ
+

γmD2

mD2
x�mD2

�
+ ξδ̄� s2

ρ
= ϕ(x), (B.8)

where the function ϕ is as in (A.15) and, again, x � δ̂
δ̄
. By the proof of Proposition I, it follows that there

exists a unique solution xS to Eq. (B.8), such that δ̂S = xS δ̄, and

AD2 =
δ̂
�mD2
S
mD2

, AS i = Yi δ̂
�mS i
S , i = 1, 2, (B.9)

where Yi are as in (A.14). Eq (B.9) completes the solution for the government utility costs in the case of
default in the surplus regime.

B.4. Summary of parameter values

Table B.1 lists parameters and parameter values used to obtain Figure 2, the paper benchmark.

fundamentals debt limits default, exclusion, re-entry
s1 s2 µ σ ρ i ῑ ε̄ ` ξ ε ϑ γ

�0.05 0.05 0.03 0.05 0.30 0.02 0 1/12 0.10 0.20 0.05 0.30 0.80

TABLE B.1: BENCHMARK PARAMETRIZATION.

The parameters s1 and s2 are bounds on the primary surplus st, i.e., st 2 [s1, s2]; µ and σ are mean and
standard deviation of GDP growth; ρ is the governments’ impatience rate; i is the interest rate; ῑ is the ad-
ditional credit spread; ε̄ is the minimal amount of time financial intermediaries need to engage to support
the debt market; ` is the proportion of the total deficit relative to GDP that markets can sustain; ξ is the pro-
portionality coefficient for the lump-sum default cost; ε is the instantaneous cost incurred during the period
of financial exclusion following default; ϑ is the instantaneous probability of re-entry into financial markets
during financial exclusion; γ is the proportion of original debt at default that is carried forward after re-entry
into financial markets.

Appendix C: Distortionary policies

We extend the model to account for the possibility of distortionary policies. To illustrate, suppose that growth
equals µj when st = sj, for two values µ1 and µ2. We may make similar assumptions regarding the interest
rate i. Under these assumptions, the Bellman equation (7) remains formally the same, but with κ (δ) replacing
κ, where κ (δ) = κ j � µj � ij � σ2. Note that, in this formulation of the model, governments do not internalize
the effects of their deficit policy on κ (�). We assume that κ1 > κ2, consistent with all the examples in Section 5.
Under additional conditions (see Appendix C.1), the model solution remains the same as that in Propositions
I, but with parameter values changing across the deficit or surplus regime.
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Appendix C.2 also considers a model extension in which governments internalize the effects of their fiscal
policy on κ (s), such that the Bellman equation (7) is replaced with

0 =
1
2

σ2δ2V00 (δ)� ρV (δ) + inf
s

�
s
�
1�V0 (δ) δ

�
� κ (s) δV0 (δ)

�
. (C.1)

That is, in this extension, governments choose the fiscal regime (deficit or surplus, sj) while taking into account
the impact of their choice on growth (µj) and interest rates (ij). We show that, under conditions, there now
exist two tipping points, δ̂1 and δ̂2 say, such that governments undergo a deficit for δ < δ̂1, a surplus for
δ > δ̂1, and a “balanced” regime with zero deficit for values δt 2 (δ̂1, δ̂2). Government utility costs are, then,

V (δ) = VD (δ) 1δt<δ̂1
+VB (δ) 1δt2(δ̂1,δ̂2)

+VS (δ) 1δt>δ̂2
, (C.2)

for three functions VX (δ), X 2 (D,B,S) determined below. However, Sections 5.5 and 5.6 analyze model
predictions regarding the benchmark model without internalization effects.

C.1. Utility costs in the benchmark model

When governments do not internalize the effects of their deficit policy on growth and interest rates, the Bell-
man equation is as in (7), with κ (δ) replacing κ. The expression for the government utility costs is, then,
still V (δ) = VD (δ) 1δ<δ̂ + VS (δ) 1δ>δ̂, where VD (�) and VS (�) are as in (A.8) but the coefficients mX j, for
X = D,S and j = 1, 2, are

mX 1/X 2 =
1
2
+

sX + κX
σ2 �

s�
1
2
+

sX + κX
σ2

�2
+

2ρ

σ2 , sD � s1, sS � s2,

where κD = κ1, κS = κ2, and
κ j = µj � ij � σ2, j = 1, 2.

We assume that κ1 > κ2. Therefore, note that the debt limit in the model with exogenous default is the
same as δ̄ in (B.1), but with κ2 replacing κ, viz

δ̄ =
`e(s

1+κ2�ῑ)ε̄

i+ ῑ� s1 . (C.3)

Finally, note that conditions for the existence of a solution are that Y1 < 0 and Y2 > 0 in (A.14). As noted
in Appendix A, these conditions are satisfied in the benchmark models. However, these conditions do not
always hold in the model with distortionary policies, and the model solution is implemented while ensuring
that Y1 < 0 and Y2 > 0 in (A.14).

Figures A.1 and A.2 depict utility costs and the level of fiscal tipping points in experiments where the
growth rates of the economy in the deficit and surplus regimes differ. Figure A.1 also compares the value
function with that of the model without distortionary policies. Figures A.3 and A.4 contain results from ex-
periments where short-term interest rates in the deficit and surplus regimes differ. Except otherwise explained
in the legends, parameter values are as in the legend of Figure 2.
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FIGURE A.1: GOVERNMENT UTILITY COSTS WITH DISTORTIONARY POLICIES—BUDGET SIZES
AND GROWTH. Government utility costs in the model without (top panel) and with (bottom
panel) distortionary policies. In the top panel, µ1 = µ2 = �0.005; in the bottom panel,

�
µ1, µ2� =

(0.015,�0.005). In both cases, budget sizes are fixed at
�
s1, s2� = (�0.04, 0.03), and δ̂ and δ̄

indicate the fiscal tipping point and default boundary.
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FIGURE A.2: FISCAL TIPPING POINTS AND DISTORTIONARY POLICIES—BUDGET SIZES AND GROWTH.
This picture depicts the debt-to-GDP ratio δ̂ that triggers a change in the fiscal regime, expressed
as a fraction of the default boundary, C = δ̂

δ̄
, as a function of growth in the deficit regime, µ1, un-

der different assumptions on growth in the surplus regime. The left (resp., right) panel depicts fis-
cal tipping points for budget sizes fixed at

�
s1, s2� = (�0.03, 0.03) (resp.,

�
s1, s2� = (�0.04, 0.03)).
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FIGURE A.3: GOVERNMENT UTILITY COSTS WITH DISTORTIONARY POLICIES—INTEREST RATES.
Government utility costs in the model without (top panel) and with (bottom panel) distortionary
policies. In the top panel, i1 = i2 = 0.01 and in the bottom panel,

�
i1, i2

�
= (0.01, 0.025). In both

cases, growth is fixed at µ1 = µ2 = 0.01, and δ̂ and δ̄ indicate the fiscal tipping point and default
boundary.
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FIGURE A.4: FISCAL TIPPING POINTS AND DISTORTIONARY POLICIES—INTEREST RATES. This
picture depicts the debt-to-GDP ratio δ̂ that triggers a change in the fiscal regime, expressed as
a fraction of the default boundary, C = δ̂

δ̄
, as a function of the short-term rate in the surplus

regime, i2, assuming that the short-term rate in the deficit regime is i1 = 0.01, and under different
assumptions on the growth rate of the economy. The left (resp., right) panel depicts fiscal tipping
points for budget sizes fixed at �s1 = s2 = 0.03 (resp., �s1 = s2 = 0.05).
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C.2. Policies with internalizations

We provide details on the model with internalization effects. The relevant Bellman equation is (C.1), such that
the governments’ problem is to solve the following problem: for any given δ,

s� (δ) = sup
s
[s (V (δ)� 1) + κ (s)V (δ)] , (C.4)

where, by assumption, κ (s) = 1s�0κ1+ 1s>0κ2 where the two constants κi are such that ∆κ � κ1� κ2 satisfies
the following condition:

Condition C.1. ∆κ 2
�
0, s2�.

Similarly as in Appendix A, we define the governments’ marginal utility costs as V (δ) = V0 (δ) δ. First,
we conjecture that there are three regions for δ in which governments run a positive deficit, a zero deficit
(the balanced regime), and positive surplus. Second, we formulate conditions under which we confirm this
conjecture and characterize the three regions. Crucial for proving the conjecture is the proof that V 0 (δ) > 0, a
property confirmed at the end of this appendix.

Three-region regimes. We conjecture and, later, verify that V (δ) > 0 and that V 0 (δ) > 0 for all δ. Consider,
first, the case with small marginal costs, V (δ) < 1. Suppose that the solution to (C.4) is some s� (δ) > 0, such
that, then, κ (s) = κ2. Therefore, for any other candidate s � 0, such that, then, κ (s) = κ1, we must have that

s� (δ) (V (δ)� 1) + κ2V (δ) > s (V (δ)� 1) + κ1V (δ) ,

which is impossible. Therefore, the solution to (C.4) must be some s� (δ) � 0, such that, then, κ (s) = κ1 and it
is trivial to verify that s� (δ) = s1. Next, consider the case in which V (δ) = 1, such that s� (δ) = sups κ (s) =
fs : s � 0g. The solution is indeterminate: any deficit policy is optimal, but we assume that s� (δ) = s1 in this
case too.

Next, consider the case V (δ) > 1, define the function ζ (δ) � (V (δ)� 1) /V (δ) and two values of the
debt-to-GDP ratio, δ̂1 and δ̂2, such that

δ̂1 : ζ(δ̂1) = 0 and δ̂2 : ζ(δ̂2) =
κ1 � κ2

s2 . (C.5)

Under our conjecture that V 0 (δ) > 0 (validated under conditions provided below), the function ζ (�) is, then,
also monotonically increasing for all δ � δ̂1, and we claim that the two values, δ̂1 and δ̂2 are the two thresholds
of the optimal fiscal regime: a zero-deficit regime, s� (δ) = 0, for δ 2 (δ̂1, δ̂2), and a surplus regime, with
s� (δ) = s2 for δ > δ̂2. Indeed, suppose the claim is correct and let δ 2 (δ̂1, δ̂2), such that s� (δ) = 0 and, then,
s� (δ) (V (δ)� 1) + κ1V (δ) = κ1V (δ) > s2 (V (δ)� 1) + κ2V (δ). By re-arranging the last inequality,

ζ (δ) � V (δ)� 1
V (δ) <

κ1 � κ2

s2 , for δ 2 (δ̂1, δ̂2).

For δ > δ̂2, and under the claim that s� (δ) = s2, we have s� (δ) (V (δ)� 1) + κ2V (δ) = s2 (V (δ)� 1) +
κ2V (δ) > s (V (δ)� 1)js=0 + κ1V (δ). By re-arranging the last inequality, and using the definition of ζ (�),

ζ (δ) >
κ1 � κ2

s2 , for δ > δ̂2,

Therefore, the thresholds in (C.5) are the fiscal tipping points, provided ζ (δ) is increasing. We now determine
governments’ utility costs and provide conditions under which V (δ) and, then, ζ (δ), are increasing.
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Governments’ utility costs. We conjecture that, under conditions developed below, the solution is as in Eq.
(C.2) of the main text, where the three functions VX (δ), X 2 (D,B,S) are given by

VD (δ) =
s1

ρ
+ AD2δmD2 , VB (δ) = AB1δmB1 + AB2δmB2 , VS (δ) =

s2

ρ
+ AS1δmS1 + AS2δmS2 , (C.6)

for some constants AX j and mX j. Indeed, (C.6) follows by replacing Eq. (C.2) into the Bellman equation (C.1),
and by the arguments in Appendix A, we have that mD2 > 0, mB1 < 0, mB2 > 0, mS1 < 0, mS2 > 0. We now
have to distinguish three cases that are relevant according to the region in which default occurs. Define the
following constant

B̄ � s1

ρ
+

1
mD2

. (C.7)

We claim that default occurs in the deficit regime when V̄ < B̄, in the balanced regime when V̄ 2 [B̄, ψ] and,
finally, in the surplus regime when V̄ > ψ, where ψ is a constant defined below (see (C.12)) that is strictly
greater than B̄ (see (C.14)).

� V̄ < B̄: Default in the deficit regime, δ̄ < δ̂1. The solution is as in Appendix A, with δ̂1 = δ̂ and AD2 given
in (A.11). Note that this case occurs precisely when (A.12) holds.

� V̄ 2 [B̄, ψ]: Default in the balanced regime, δ̄ 2 (δ̂1, δ̂2). The solution is still as in Appendix A (see Eq.
(A.8)), with δ̂1 = δ̂, but s2 = 0, viz V (δ) = VD (δ) 1δ<δ̂1

+ VB (δ) 1δ>δ̂1
, where VB (δ) is as in (C.6) and

the coefficients mBi are obtained while setting s2 = 0. Therefore, AD2 is as in (A.16), and ABi = Ȳi δ̂
�mBi
1 ,

where

AD2 =
δ̂
�mD2
1
mD2

, ABi = Ȳi δ̂
�mBi
1 , i = 1, 2, (C.8)

and

Ȳ1 =
B̄mB2 � 1

mB2 �mB1
, Ȳ2 =

1� B̄mB1

mB2 �mB1
, (C.9)

with B̄ defined as in (C.7). The default boundary condition that is the counterpart to (A.15) is

V̄ = Ȳ1x�mB1 + Ȳ2x�mB2 , (C.10)

where x � δ̂1/δ̄. By the same arguments in Appendix A, there is a unique solution to Eq. (C.10),
x(V̄) < 1, such that δ̂1 = x(V̄)δ̄. Below, we show indeed that default cannot occur in the surplus
regime when V̄ < ψ.

� V̄ > ψ: Default in the surplus regime, δ̄ > δ̂2. The governments’ utility costs satisfy the boundary condi-
tions (i)-(vii) below, which lead to determine the constants AX j. Define Ω � s2

s2�∆κ
. We shall need the

following condition:

Condition C.2. Ω > mS2(ψ� s2

ρ ).

We are now ready to determine all coefficients.

(i) Free boundary I: V0D (δ) δ
��
δ=δ̂1

= 1. (ii) Value matching I: VD(δ̂1) = VB(δ̂1). (iii) Smooth pasting I:
V0D (δ)

��
δ=δ̂1

= V0B (δ)
��
δ=δ̂1

. By arguments nearly identical to those in Appendix A, the coefficients

of VD (�) and VB (�) are as in (C.8)-(C.9), but with δ̂1 is determined below.

(iv) Free boundary II: The second condition in (C.5) implies that V0B (δ) δ
��
δ=δ̂2

= Ω > 1, where the
inequality follows by Condition C.1. Calculating the derivative and using the expressions of ABi
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in (C.8) leaves
Ψ (z) � mB1Ȳ1zmB1 +mB2Ȳ2zmB2 = Ω, (C.11)

where z � δ̂2/δ̂1. Now, note that the two constants Ȳ1 and Ȳ2 in (C.9)) coincide with Y1 and
Y2 in (A.14) in the special case s2 = 0. Therefore, by repeating the arguments in Appendix A
and in the Internet Appendix A, we have that Ȳ1 < 0 and Ȳ2 > 0. It follows that Ψ (z) has a
unique stationary point for some z > 0, and that limz�!0 Ψ (z) = ∞, limz�!∞ Ψ (z) = ∞, and
Ψ (1) = mB1Ȳ1 +mB2Ȳ1 = 1. Because Ω � 1, Eq. (C.11) has, then, two roots, z1 < 1 and z� > 1,
and we take the second solution, which guarantees that δ̂2 > δ̂1.

(v) Value matching II: VB(δ̂2) = VS (δ̂2). (vi) Smooth-pasting II: V0B (δ)
��
δ=δ̂2

= V0S (δ)
��
δ=δ̂2

. By evaluat-
ing these conditions, using the expressions of ABi in (C.8) and, finally, the definition of z� leaves
the following system of equations8<: ψ � Ȳ1zmB1� + Ȳ2zmB2� =

s2

ρ
+ AS1δ̂

mS1
2 + AS2δ̂

mS2
2

Ω = mB1Ȳ1zmB1� +mB2Ȳ2zmB2� = mS1 AS1δ̂
mS1
2 +mS2 AS2δ̂

mS2
2

(C.12)

where the first equality of the second equation follows by (C.11). The solution is

AS1 =

mS2

�
ψ� s2

ρ

�
�Ω

mS2 �mS1
δ̂
�mS1
2 , AS2 =

Ω�mS1

�
ψ� s2

ρ

�
mS2 �mS1

δ̂
�mS2
2 . (C.13)

It is straightforward to show that
ψ > Ȳ1 + Ȳ2 = B̄. (C.14)

Next, we determine δ̂2, through the default boundary condition (vii) below.

(vii) Default boundary: V̄ = VS (δ̄), that is,

V̄ =
s2

ρ
+ AS1δ̄

mS1 + AS2δ̄
mS2 . (C.15)

Plugging the expressions for AS i in (C.13) into (C.15) leaves a nonlinear equation in δ̂2. Note that
mS1 < 0 and mS2 > 0. We claim that AS2 > 0. Indeed, note that M � mS1(ψ� s2

ρ ) < mS1(B̄�
s2

ρ ) = mS1B, where the inequality follows by the fact that mS1 and by (C.14), and the equality
follows by the definition of B in (A.14) and B̄ in (C.7). Now, if B > 0, M < 0, such that AS2 > 0;
if B < 0, then, the Internet Appendix A shows that mS1B < 1, such that Ω > 1 > mS1B > M
and, thus, AS2 > 0. Therefore, we have that AS2 > 0 and, under Condition B.2, AS1 < 0. There
exists, then, a unique solution for δ̂2. We claim that this solution satisfies δ̂2 < δ̄. Indeed, denote
AS i � aS i δ̂

�mS i
2 , for two constants aS i that obviously satisfy aS1 < 0 (under Condition B.2) and

aS2 > 0, such that Eq. (C.15) can be written as

V̄ � s2

ρ
= g (u) � aS1umS1 + aS2umS2 , (C.16)

where u � δ̄/δ̂2. Note that g (1) = ψ� s2

ρ and, since g is increasing, the solution to (C.16) is some
u� > 1 if and only if ψ < V̄.

To summarize, given the solution for δ̂2, AS i is determined through (C.13), δ̂1 is determined as δ̂1 =
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δ̂2/z�, and, then, AD2 and ABi are determined through (C.8).

Finally, we show that, under all conditions formulated so far, V (δ) and, then, ζ (δ), are increasing in all cases.

Monotonicity of marginal utility costs. The property that V (δ) is increasing follows by the assumptions in
this appendix and the same arguments used in Appendix A to show that government’s marginal utility costs
are strictly positive.
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A. Additional proofs

A.1.

We provide details omitted from Appendix A, regarding the cases where government utility costs at default,
V̄, are both lower (Case I) and higher (Case II) than s2

ρ .

Case I: V̄ < s2

ρ

We show that Y2 > 0. In Appendix A, we have already shown that mS1 < 0 and B < 0. Therefore, it suffices
to show that (�B) (�mS1) < 1, or, equivalently, that

s2 � s1

ρ
� 1

mD2
<

1
�mS1

(I-1)

()

s2 � s1

ρ
<

1�
1
2 +

s1+κ
σ2

�
+

r�
1
2 +

s1+κ
σ2

�2
+ 2ρ

σ2

+
1

�
�

1
2 +

s2+κ
σ2

�
+

r�
1
2 +

s2+κ
σ2

�2
+ 2ρ

σ2

� 1

a1 +
q

a2
1 +

2ρ
σ2

+
1

�a2 +
q

a2
2 +

2ρ
σ2

=
1
2

σ2

ρ

 
a2 � a1 +

r
a2

1 +
2ρ

σ2 +

r
a2

2 +
2ρ

σ2

!

=
s2 � s1

ρ
+

1
2

σ2

ρ

 
2

∑
j=1

r
a2

j +
2ρ

σ2 � (a2 � a1)

!
,

where

aj �
1
2
+

sj + κ

σ2 , j = 1, 2,

1



and the third line follows by

1

A+
p

A2 + C
+

1

�B+
p

B2 + C
=

1
C

�
B� A+

p
A2 + C+

p
B2 + C

�
.

The result follows by the following inequalities

a2 � a1 < ja2j+ ja1j <
2

∑
j=1

r
a2

j +
2ρ

σ2 .

Case II: V̄ > s2

ρ

There are two cases to consider, according to whether B < 0 or B > 0.

� First case: B < 0. If B < 0, we have that Y1 < 0, because mS2 > 0. Moreover, we also have that Y2 > 0,
by the same reasoning made in Case I. Therefore, the expressions for the fiscal tipping point are the same
as those in Case I. Note, also, that in this case, mD2(V̄ � s1

ρ ) > mD2(
s2�s1

ρ ) > 1, where the last equality
follows by the assumption that B < 0. That is, (A.12) does not hold, and default can only occur in the
surplus regime.

� Second case: B > 0. We prove that Y2 > 0 and Y1 < 0, such that the expressions for the fiscal tipping
point are the same as those resulting from the parameter restriction in Case I.

� Proof that Y2 > 0. It suffices to show that B > �1
�mS1

, or

s1 � s2

ρ
+

1
mD2

>
�1
�mS1

.

But this is inequality (I-1).
� Proof that Y1 < 0. It suffices to show that BmS2 < 1, or
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1
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<
1

mS2
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Therefore, BmS2 < 1 if and only if the second term on the R.H.S of the inequality (I-2) is positive.
Equivalently, let x � a1 � a2, and define the function

Z (x) �
r

a2
2 +

2ρ

σ2 �
r
(a2 + x)2 +

2ρ

σ2 � x.

By the assumption that s1 < 0 and s2 > 0, the proof is complete if we show that Z > 0 for all
x < 0. Now, we have that Z (0) = 0, and, for all x < 0,

Z0 (x) = �

q
(a2 + x)2 + 2ρ

σ2 + a2 + xq
(a2 + x)2 + 2ρ

σ2

< 0.

That is, Z is monotonically decreasing, and reaches zero for x = 0, such that Z (x) > 0, for all
x < 0. Thus, Y1 < 0.

Thus, the function ϕ (�) in (A.15) is decreasing with limx�!0 ϕ (x) = ∞ and limx�!∞ ϕ (x) = �∞.
Note, then, that (A.12) holds if and only if governments default in the deficit regime. Indeed, recall the
definition of x(V̄) in Appendix A, and suppose that x(V̄) > 1 (default in the deficit regime). Then,
because ϕ (�) is decreasing, we have

V̄ � s2

ρ
= ϕ (x(V̄)) < ϕ (1) = Y1 +Y2 = B =

s1 � s2

ρ
+

1
mD2

,

that is, condition (A.12) holds.

A.2.

We show that the inequality (A.12) in Appendix A holds if and only if the solution of (B.6) in the model with
re-entry satisfies xD > 1. Suppose, indeed, that the inequality (A.12) holds. Then,

1
mD2

> V̄ � s1

ρ

=
ε

ρ+ ϑ
+

ϑ

ρ+ ϑ

�
s1

ρ
+

γmD2

mD2
x�mD2
D

�
+ ξδ̄� s1

ρ

=
ε� s1

ρ+ ϑ
+

ϑ

ρ+ ϑ

γmD2

mD2
x�mD2
D + ξδ̄.

That is, by re-arranging terms,

ξδ̄+
ε� s1

ρ+ ϑ
<

ρ+ ϑ
�

1� γmD2 x�mD2
D

�
mD2 (ρ+ ϑ)

.

Therefore, by Eq. (B.6), it must hold that

ρ+ ϑ (1� γmD2)

mD2 (ρ+ ϑ)
x�mD2
D <

ρ+ ϑ
�

1� γmD2 x�mD2
D

�
mD2 (ρ+ ϑ)

.

It is easily verified that this inequality holds when (ρ+ ϑ)
�

x�mD2
D � 1

�
< 0, that is, for values of xD : xD > 1.
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B. Model predictions under alternative debt limit estimates

We calculate government utility costs and fiscal tipping points relying on the parameters in the legend of
Figure 2, and using a default boundary equal to the Natural Public Debt Limit (NPDL) of Section 3.5.2 (see
Eq. (B.2)),

δ̄n =
s̄

ı̄n � µ̄
. (I-3)

B.1. Benchmark model

Figure I-1 depicts governments utility costs using ı̄n = 0.03 and µ̄ = 0.01, resulting from different assumptions
on s̄. The top panel relies on the assumption of a “tight debt limit,” i.e., resulting from s̄ = 0.01. The bottom
panel is obtained while assuming a “large debt limit,” s̄ = 0.03. In both cases, default occurs in the surplus
regime.
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FIGURE I-1: GOVERNMENT UTILITY COSTS. This picture depicts government utility costs re-
sulting from different assumptions on the Natural Public Debt Limit, i.e., δn in Eq. (I-3), with
ı̄n = 0.03 and µ̄ = 0.01. The top panel depicts V (δt) when s̄ = 0.01 and the bottom panel depicts
V (δt) when s̄ = 0.03. Remaining parameters are as in the legend of Figure 2 in the main text.

Next, we provide results regarding fiscal tipping points in the two cases with tight debt limits (Section
B.1) and large debt limits (Section B.2), while setting all remaining parameters equal to those in Figure I-1 and
in the variants identified by the next figures.
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B.1.1. Tight debt limits
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FIGURE I-2: FISCAL TIPPING POINTS, GOVERNMENT TIME PREFERENCES AND PROBABILITY OF
RE-ENTRY AFTER DEFAULT.
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FIGURE I-3: FISCAL TIPPING POINTS AND MACROECONOMIC VOLATILITY.
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FIGURE I-4: FISCAL TIPPING POINTS AND SHORT-TERM FINANCING COSTS.
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FIGURE I-5: FISCAL TIPPING POINTS AND BUDGET SIZES (DEFICIT).
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FIGURE I-6: FISCAL TIPPING POINTS AND BUDGET SIZES (SURPLUS).
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B.1.2. Large debt limits
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FIGURE I-7: FISCAL TIPPING POINTS, GOVERNMENT PREFERENCES AND PROBABILITY OF RE-
ENTRY AFTER DEFAULT.
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FIGURE I-8: FISCAL TIPPING POINTS AND MACROECONOMIC VOLATILITY.
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FIGURE I-9: FISCAL TIPPING POINTS AND SHORT-TERM FINANCING COSTS.
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FIGURE I-10: FISCAL TIPPING POINTS AND BUDGET SIZES (DEFICIT).
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FIGURE I-11: FISCAL TIPPING POINTS AND BUDGET SIZES (SURPLUS).

B.2. Fiscal reforms and state-dependent interest rates

We calculate government utility costs, fiscal tipping points and long term spreads relying on the same para-
meter values in Internet Appendix B.1, with some exceptions explained in a moment.

� Figures I-12 and I-13 in Section B.2.1 depict government utility costs that are the NPDL counterpart of
Figures A-3 (Distortionary policies) and A-5 (State-dependent interest rates) in Appendix C of the main
paper.

� Sections B.2.2 and B.2.3 provide results on fiscal tipping points, which are the NPDL counterpart (in
the tight and large debt limit cases) to those contained in Figures A-4 (Budget sizes and growth) and
A-6 (Interest rates) in Appendix C of the main paper. They also provide the NPDL counterpart to
results on default premiums summarized by Figures 9 and 10 (on fiscal reforms) and 11 (on the effects
of state-dependent interest rates) of the main paper.
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B.2.1. Government utility costs

Tight debt limits
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FIGURE I-12: GOVERNMENT UTILITY COSTS WITH DISTORTIONARY POLICIES—BUDGET SIZES
AND GROWTH.
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Tight debt limits
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FIGURE I-13: GOVERNMENT UTILITY COSTS WITH DISTORTIONARY POLICIES—INTEREST RATES.
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B.2.2. Fiscal tipping points and spreads (tight debt limits)
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FIGURE I-14: FISCAL TIPPING POINTS AND DISTORTIONARY POLICIES—BUDGET SIZES AND GROWTH.
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FIGURE I-15: FISCAL TIPPING POINTS AND DISTORTIONARY POLICIES—INTEREST RATES.
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FIGURE I-16: SPREADS AND FISCAL REFORMS, I. This picture depicts fiscal reform experiments
that are the (tight) NPDL counterparts to those in Figure 11 of the main text.
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FIGURE I-17: SPREADS AND FISCAL REFORMS, II. This picture depicts fiscal reform experiments
that are the (tight) NPDL counterparts to those in Figure 12 of the main text.
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FIGURE I-18: SPREADS AND STATE-DEPENDENT INTEREST RATES.
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B.2.3. Fiscal tipping points and spreads (large debt limits)
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FIGURE I-19: FISCAL TIPPING POINTS AND DISTORTIONARY POLICIES—BUDGET SIZES AND GROWTH.
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FIGURE I-20: FISCAL TIPPING POINTS AND DISTORTIONARY POLICIES—INTEREST RATES.
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FIGURE I-21: SPREADS AND FISCAL REFORMS, I. This picture depicts fiscal reform experiments
that are the (large) NPDL counterparts to those in Figure 11 of the main text.
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C. Strategic default

This appendix examines a variant of the model in which governments choose the time of defaulting. We
assume that, after repudiation of debt, the details of default costs and re-entry are the same as in the previous
model with exogenous default.

C.1. Model

Thus, a government now minimizes future expected surplus-to-debt ratios while also timing default. Its
utility costs are given by

V (δt) = inf
τ

inf
su2[s1,s2]

Et

�Z τ

t
e�ρ(u�t)sudu+ e�ρ(τ�t)C (δτ)

�
, (I-4)

where C (δτ), the costs of defaulting, are as in Eq. (B.3). We still assume that the government defaults while
facing a liquidity crisis, as elaborated below.

To gain intuition on the government objectives, consider a small interval of time, ∆t, over which the debt-
to-GDP ratio is constant. At time-t, the government defaults when the costs of doing so, C (δt), are less than
the utility costs of going forward. Now, the imminent utility costs faced by the government are s (δt)∆t, such
that V satisfies

V (δt) = min
n
C (δt) , s (δt)∆t+ e�ρ∆tEt (V (δt+∆t))

o
, (I-5)

where s (δt) denotes the surplus policy that minimizes the utility costs conditionally upon not having de-
faulted yet. The costs of default include foregone deficits, but decrease with the likelihood of emerging from
financial exclusion, after which the government may start running deficits again. We want to verify that gov-
ernments default when they expect to be in office during a period of austerity that makes utility costs larger
than the inconvenience of defaulting and remaining without access to financial markets for a random period
of time.

We conjecture that there exists some δ̄o > 0, such that the government policy is to default immediately if
δt � δ̄o or, otherwise, to continue servicing its debt. In the default region, then, V (δt) = C (δt), such that, by
Eq. (I-5),

0 � s (δt) + e�ρ∆t Et (V (δt+∆t))�V (δt)

∆t
� 1� e�ρ∆t

∆t
V (δt) ,

where the equality holds while the government is still servicing its debt (the continuation region), in which
case V (δt) � C (δt). In the limit, ∆t �! 0, the previous description collapses to an optimal stopping problem
in continuous time. The complication in this problem is that the policy, s (δt), is endogenous, consistent
with the inner extremization in (I-4). We now provide conditions and verification results for the previous
conjectures and the Internet Appendix C describes a few key properties of the model.

We proceed as follows. First, we search for a fiscal tipping point by imposing the same conditions applying
to the simpler problem (6) in the main text. Second, we impose free-boundary conditions and determine the
default boundary, a constant δ̄o indeed. Third, we compare δ̄o with δ̄, the exogenous default boundary in the
previous sections: if δ̄o < δ̄, the government defaults at δ̄o; otherwise, the model details are the same as those
of the model with exogenous default.

The next proposition confirms that governments may indeed default before δt hits the exogenous default
trigger in the model with exogenous default. We have:

Proposition C.1. (Default boundaries). The government utility costs are given by the same function V (δt) in Propo-
sition I, but subject to boundary conditions provided below (see (I-9)). Under conditions provided below (see Lemma
C.1), the government policy is to default at some finite δ̄o, provided δ̄o < δ̄, where δ̄ is the exogenous default boundary
in Eq. (B.1), or to still remain in office until δt reaches δ̄. There exist parameter values such that δ̄o < δ̄.
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By convention, we take δ̄o = ∞ whenever δ̄o does not satisfy the verification conditions in the previous
proposition. We now prove Proposition C.1. Below, we provide numerical results on default boundaries and
fiscal tipping points and additional comparative statics results for this model.

We begin by stating a necessary condition for governments’ default in the deficit regime.

Condition C.1. s1 + κ + ρ < 0.

Next, we determine policy regimes and default boundaries.

Government utility costs, fiscal tipping points and default boundaries. We rely on the same notation em-
ployed while dealing with government utility costs in the exogenous default case (see Eq. (6)). Whilst the
government runs an active policy, the function V in Eq. (I-4) still satisfies Eq. (A.6), as well as the boundary
conditions (i)-(ii)-(iii) in (A.13), and the general solution for the utility costs is still as in Appendix A, with
AD1 = 0, i.e., V (δ) = VD (δ) 1δ<δ̂ +VS (δ) 1δ>δ̂, where

VD (δ) =
s1

ρ
+ AD2δmD2 , VS (δ) =

s2

ρ
+ AS1δmS1 + AS2δmS2 . (I-6)

However, the boundary behavior of VD (δ) and VS (δ) differs from that in Appendix A, because the default
boundary δ̄o is, now, endogenous. We proceed as follows. Note that the value matching condition and the
smooth pasting conditions are

V(δ̄o) = C(δ̄o), V0(δ̄o) = C 0(δ̄o), (I-7)

where, by the assumption that re-entry occurs in the deficit regime, the government utility costs of defaulting
are as in Eq. (B.3); that is, evaluating C (δ) at δ̄o,

C(δ̄o) = ξδ̄o +
ε

ρ+ ϑ
+

ϑ

ρ+ ϑ

�
s1

ρ
+ AD2

�
γδ̄o
�mD2

�
. (I-8)

We apply the value matching and the smooth pasting conditions in (I-7) based on the expression of C(δ̄o)
in Eq. (I-8). We consider two cases, arising according to whether default occurs in the deficit or in the surplus
regime. In each case, the value matching condition and the smooth pasting conditions are, respectively,

VX (δ̄o) = C(δ̄o), V0X (δ̄o) = C 0(δ̄o), X = fD,Sg, (I-9)

where the two functions VD (δ) and VS (δ) are as in Eq. (I-6), and C (δ) is as in Eq. (I-8).

� Default in the deficit regime. Assume that default occurs in the deficit regime. For X = D, the two
conditions in (I-9) lead to a system of two equations with two unknowns, δ̄D (say) and AD2, solved by

δ̄D �
mD2

1�mD2

ε� s1

ξ (ρ+ ϑ)
, AD2 =

ξ (ρ+ ϑ)

mD2 (ρ+ (1� γmD2) ϑ)
δ̄

1�mD2
D . (I-10)

Under Condition B.1, mD2 < 1, and, thus, the solution for δ̄D is well-defined. Next, we verify that
the tipping point, δ̂D (say), is larger than the default boundary. The solution for the tipping point is
determined while only applying the free boundary condition to the utility costs in the deficit regime,
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i.e., V0D (δ) δ
��
δ=δ̂

= 1, which yields the following solution for the fiscal tipping point

δ̂D �
�

1
mD2 AD2

� 1
mD2

. (I-11)

Governments choose to default in the deficit regime if δ̄D 2 (0, δ̂D). If δ̄D /2 (0, δ̂D), and default does
not, then, occur in the deficit regime, governments may choose to default in the surplus regime, a case
analyzed next.

� Default in the surplus regime. For X = S , the value matching and smooth pasting conditions in (I-9) are,
respectively,

AS1δ̄
mS1
o + AS2δ̄

mS2
o � ϑ

ρ+ ϑ
AD2γmD2 δ̄

mD2
o = ξδ̄o +

ρ
�
ε� s2�+ ϑ

�
s1 � s2�

ρ (ρ+ ϑ)
, (I-12)

and
mS1 AS1δ̄

mS1
o +mS2 AS2δ̄

mS2
o � ϑ

ρ+ ϑ
mD2 AD2γmD2 δ̄

mD2
o = ξδ̄o, (I-13)

where AD2 and AS i are as in (A.16), but with δ̂ to be determined below, not by Eq. (A.15). Replacing
the expressions for AD2 and AS i in (A.16) into (I-12)-(I-13), and re-arranging terms, leaves the following
equation satisfied by x � δ̂/δ̄o,

(1�mS1)Y1x�mS1 + (1�mS2)Y2x�mS2 � ϑγmD2

ρ+ ϑ

1�mD2

mD2
x�mD2 =

ρ
�
ε� s2�+ ϑ

�
s1 � s2�

ρ (ρ+ ϑ)
. (I-14)

Therefore, the solution for the fiscal tipping point and the default boundary are

δ̂S � x� δ̄S , δ̄S = ξ�1
�

mS1Y1x�mS1� +mS2Y2x�mS2� � ϑγmD2

ρ+ ϑ
x�mD2�

�
, (I-15)

where x� is solution to (I-14), and the expression for δ̄S follows by (I-13) and, again, the expressions for
AD2 and AS i in (A.16).

Thus, and assuming that governments default at some value lower than the δ̄, the exogenous default
boundary, the solution for the utility costs in the deficit and surplus regimes is as in (I-6), and default bound-
aries, tipping points and coefficients are as follows:

� If governments default in the deficit regime, the default boundary δ̄D and the coefficient AD2 are given
by (I-10).

� If governments default in the surplus regime, the fiscal tipping point δ̂S and default boundary δ̄S are
given by (I-15), and the coefficients AD2 and AS i are as in (A.16).

Finally, we show that, under parameter restrictions, default always occurs in the deficit regime, and this
default boundary is less than δ̄, exogenous default boundary. Indeed, note that, by (I-10) and (I-11), we have
that δ̂D > δ̄D if and only if

ρ+ (1� γmD2) ϑ

ε� s1 >
mD2

1�mD2
.

Hence, there exist values of ϑ, γ and ε such that δ̄D < δ̂D , and values of the initial debt-to-GDP ratio, δ0, such
that δ0 < δ̄D . By Eq. (B.1), there exist parameter values such that δ̄D < δ̄. Note that the same property applies
to δ̄n, the NPDL in Eq. (B.2).
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Verification. Consider the program in (I-4),

V (δt) = inf
τ

Et

�Z τ

t
e�ρ(u�t)s (δu) du+ e�ρ(τ�t)C (δτ)

�
,

where s (δ) is the surplus policy held prior to default. Under conditions developed below, the value, V, is the
unique viscosity solution to the Hamilton-Jacobi-Bellman equation

0 = max f� (Lw� ρw+ s) , w� Cg ,

or (
Lw� ρw+ s = 0 and w < C (continuation region)
Lw� ρw+ s � 0 and w = C (default region)

(I-16)

Indeed, by Itô’s lemma,

e�ρ(τ�t)V (δτ) +
Z τ

t
e�ρ(u�t)s (δu) du�V (δt)

=
Z τ

t
e�ρ(u�t) (LV (δu)� ρV (δu) + s (δu)) du+ σ

Z τ

t
e�ρ(u�t)V0 (δu) δudWu

� σ
Z τ

t
e�ρ(u�t)V0 (δu) δudWu,

where the last equality follows by (I-16). That is, for all τ,

V (δt) � Et

�Z τ

t
e�ρ(u�t)s (δu) du+ e�ρ(τ�t)V (δτ)

�
.

Therefore, we need to verify that (I-16) holds under suitable conditions.
Consider the following conditions:

Condition C.2. For each i = 1, 2,

�
�

si + κ + ρ
�

ξδ̄o �
ρ

ρ+ ϑ

�
ε� si

�
� 1i=2

�
s2 � s1

�
. (I-17)

Moreover, there exists an arbitrarily small δ� : V (δ) � C (δ) for all δ 2
�
δ�, δ̄o

�
We have:

Lemma C.1. Suppose that Conditions C.1 and C2 hold. Then, there exist values of γo > 0 and ρo > 0, such that, if
governments default in their deficit regime, (I-16) holds for all (γ, ρ) 2 (0, γo)� (0, ρo) and, if governments default in
their surplus regime, (I-16) holds for all γ 2 (0, γo).

Proof. We verify (I-16) in both the continuation and default region.

� Continuation region. By construction, the function V (δ) satisfies the ordinary differential equation in the
first line of (I-16). As for the inequality V � C, note that V and C are both increasing. Therefore, by the
value matching and smooth pasting conditions in (I-7), a necessary condition under which V (δ) � C (δ)
for all δ � δ̄o is that there exists an arbitrarily small δ0 such that V (δ0) < C (δ0). But, limδ�!0 V (δ) =
s1

ρ < 0 and limδ�!0 C (δ) = ρε+ϑs1

ρ(ρ+ϑ)
> 0, implying, by continuity, that such a δ0 exists.
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� Default region. Substituting w = C into the inequality in the second line of (I-16) leaves

LC (δ)� ρC (δ) + s (δ) � 0, (I-18)

where C (δ) is as in Eq. (B.3). Substituting C (δ), C 0 (δ) and C 00 (δ) from (B.3) into (I-18) leaves the
following condition

s (δ)� ρε

ρ+ ϑ
� (s (δ) + κ + ρ) ξδ+

ϑ

ρ+ ϑ

�
� (s (δ) + κ) γδV0 (γδ) +

1
2

σ2 (γδ)2 V00 (γδ)� ρV (γδ)

�
� 0.

(I-19)
Taking the limits for γ �! 0 of both sides of (I-19), and by the assumption that governments’ re-entry
takes place in the deficit region, leaves the inequality (I-17) of Condition C.2. By Condition C.1, the
L.H.S. of (I-17) is strictly positive. Therefore, suppose default occurs in the deficit region, i.e., i = 1
in Condition C.1; then, there exist values of ρo > 0, such that (I-17) holds for all ρ 2 (0, ρo). Instead,
default occurs in the surplus region under Condition C.2 for i = 2.

Note that Proposition C.1 provides conditions for the existence of a default boundary; the inequality in
(I-19) for δ = δ̄o imposes less stringent parameter restrictions than those underlying (I-17).

C.2. Predictions

The previous verification conditions paper require that γ be small and additional restrictions on the size of
deficits, growth and discount rates (see Lemma C.1). They imply that the government utility costs are now
concave in δt (see Figure I-24). Moreover, the governments’ policy may be to default in the deficit regime,
provided the time preference parameter ρ is small, and may be to default in the surplus regime. The model
predicts that the higher ρ, the higher the default boundary. Moreover, for values of ρ sufficiently high, a
government would never choose to default. Intuitively, governments have a chance to re-entry financial
markets after default; the lower ρ, the more they value this opportunity. These effects are similar to the
“gamble-for-resurrection” property in the benchmark model of the paper (see Figure 3 in Section 4). Finally,
whether governments default in deficit or in surplus (if any) depends on parameter values, as elaborated in
Appendix C.2 and in further experiments below. Interestingly, we find that, provided µ is low enough, default
occurs in deficit regimes.

Figure I-24 shows how the probability of re-entry, ϑ, and the costs of financial exclusion, ε, affect default
boundaries and fiscal tipping points. The first two panels show that an increase in ϑ leads governments to
default earlier. In both cases, default occurs whilst governments run deficits, and ε = 0; when ε > 0 (the third
panel), governments default in surplus. That is, governments have increased incentives to default earlier
when they face lower costs of financial exclusion. Thus, a higher probability of re-entry may lead to “serial
defaulting,” the phenomenon by which some countries experience several default episodes over time. This
phenomenon, described by the Reinhart, Rogoff and Savastano (2003) paper mentioned in the paper, links to
default occurring at relatively low levels of debt and, then, to “debt intolerance,” i.e., the fact that a country
may face a high cost of financing even when its debt-to-GDP ratio is relatively small. In our model, a high ϑ
lowers δ̄o, which increases the probability of default; but a higher ϑ also implies that a government is likely to
re-entry sooner, with relatively high incentives to default again. Therefore, debt issued by governments with
higher ϑ should command a higher premium.

The last two panels show that the higher ε, the later governments default, as anticipated. The last panel
actually reveals that if the costs of financial exclusion are sufficiently high, governments choose to go through
a period of austerity and, eventually, default in the surplus regime. It may be shown that the default boundary
also increases with the “haircut” γ. Thus, costs of financial exclusion and haircut are both deterrents for
default (contributing, then, to low financing costs). Finally, the default boundary, δ̄o, now decreases with ξ.
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When governments control how much time to spend whilst servicing their debt, they will be incentivized
to default earlier to avoid large costs at default, which are equal to ξδ̄o. Thus, when costs at default are
proportional to the stock of existing debt, a high sensitivity of these costs to debt (i.e., a high ξ) can be another
channel to early defaulting.

How does uncertainty affect the time to default? Intuitively, this timing is determined by how volatility
affects the expected utility costs Et (V (δt+∆t)) (see Eq. (I-5) in the main text). These costs are concave in
δt, but it is possible to show that V is increasing in σ2, that is, governments default early when facing high
macroeconomic uncertainty. This result is due to the property that the drift of δt and, thus, V (δt), increases
with σ2, due to a Jensen’s inequality effect (see Eq. (1) in the main text). However, these conclusions are
reversed once one accounts for this mechanical effect, such that, then, V (δt) decreases with σ2: the option
to wait is high when macroeconomic uncertainty is high. In particular, Figures I-25 and I-26 depict default
boundaries and fiscal tipping points (as a fraction of the default boundary) as a function of growth, based on
two parametric assumptions. The first (in Figure I-25) is that the parameter κ in the drift of the debt-to-GDP
ratio is κ = µ� i� σ2, as in Eq. (1) of the paper. The second (in Figure I-26) is that κ = µ� i. Both pictures
illustrate the effects of alternative assumptions on macroeconomic volatility on default boundaries and fiscal
tipping points. In Figure I-25, governments default earlier as macroeconomic volatility increases. In Figure
I-26, macroeconomic volatility does not affect growth of the debt-to-GDP ratio, such that default boundaries
increase and fiscal tipping points decrease with macroeconomic volatility.
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FIGURE I-24: GOVERNMENT UTILITY COSTS IN A MODEL WITH STRATEGIC DEFAULT. This picture
depicts government utility costs when the government strategically defaults in a deficit (top and
middle panel) and in a surplus (bottom) regime. Austerity costs and probabilities of re-entry after
default are ε = 0 and ϑ = 0.33 (top panel), ε = 0 and ϑ = 0.30 (middle) and, finally, ε = 0.04 and
ϑ = 0.30 (bottom). Remaining parameters are as follows:

s1 s2 ρ γ ξ µ σ i ῑ
�0.05 0.05 0.05 0.50 0.50 0.01 0.15 0.02 0

The dashed lines in all panels are the costs of defaulting. In each panel, δ̄ denotes the default
boundary. In the bottom panel, δ̂ is the fiscal tipping point. These paramater values imply that
the exogenous default boundary is δ̄ = 1.4188 in all cases.
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FIGURE I-25: FISCAL TIPPING POINTS AND MACROECONOMIC VOLATILITY (WITH JENSEN’S IN-
EQUALITY EFFECTS). This picture depicts values of the debt-to-GDP ratios that triggers govern-
ments’ default and a change in the fiscal regime, as a function of growth, µ. The left (resp., right)
panel depicts the default boundary δ̄o (resp., the fiscal tipping point-to-default boundary, C = δ̂

δ̄o
)

for values of volatility σ = 0.15 and σ = 0.20. Remaining parameter values are as in the bottom
panel of Figure 3.
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FIGURE I-26: FISCAL TIPPING POINTS AND MACROECONOMIC VOLATILITY (WITHOUT JENSEN’S
INEQUALITY EFFECTS). This picture depicts values of the debt-to-GDP ratios that triggers gov-
ernments’ default and a change in the fiscal regime, as a function of growth, µ. The left (resp.,
right) panel depicts the default boundary δ̄o (resp., the fiscal tipping point-to-default boundary,
C = δ̂

δ̄o
) for values of volatility σ = 0.15 and σ = 0.20. Remaining parameter values are as in the

bottom panel of Figure 3, but with µ+ σ2 replacing µ.
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D. Primary surplus and business cycles

Surpluses are pro-cyclical (see Footnote 7 of the paper). Define sy,t � stδt, the surplus-to-GDP ratio. The
model predicts that, prior to reaching the fiscal tipping point (when st = s1), sy,t increases in absolute value
during recessions: deficits increase in bad times. Beyond the tipping point (when st = s2), sy,t increases
in recessions: now, surpluses increase in bad times. To account for cyclical components affecting primary
surpluses, we extend Eq. (1) to include a direct linkage to business cycles.

Consider the government constraint: dDt = �dSt + iDtdt, where St denotes the primary cumulative sur-
plus. We assume that the primary surplus, dSt, is affected by innovations in output, just as in Eq. (2) of the
paper, such that the debt-to-GDP ratio δt is still a Markov process

dδt = � (st + κ) δtdt� σ (1+ ψ) δtdWt. (I-19)

Now, the surplus-to-debt ratio is dSD
t = dSt

Dt
, and the government program is

V (δt) = inf
su2[s1,s2]

Et

�Z ∞

t
e�ρ(u�t)dSD

t

�
,

under the constraint that the debt-to-GDP ratio is solution to (I-19). Solutions to government plans are just as
those in the main text, but with volatility parameter σ (1+ ψ) replacing σ.

Surplus-to-GDP ratios are, now, dSy
t = δtdSD

t , and may well be pro-cyclical, as in the following simula-
tions. We simulate δt in (I-19) and calculate the primary surplus dSy

t and output growth. We perform 1000
simulations of 50 years of data, and calculate an average primary surplus and an average output growth for
each year, conditioned on no defaults having taken place. We set the cyclical component parameter equal to
ψ = 1, and keep remaining parameter values are those in the legend of Figure 2 of the paper. Figure I-27
depicts a scatterplot of the primary surplus against output in these simulations.
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FIGURE I-27: SIMULATED PRIMARY SURPLUSES AND BUSINESS CYCLES.
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