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Interest Rate Variance Swaps 
and the Pricing of Fixed 

Income Volatility
BY AN T O N I O ME L E A N D YO S H I K I  OB AYA S H I 

ne of  the pillars supporting the recent movement 
toward standardized measurement and trading of  
interest rate volatility (see http://www.garp.org/
risk-news-and-resources/2013/december/a-push-
to-standardize-interest-rate-volatility-trading.aspx) 

Q[�I�VW^MT�\PMWZa�WN �WX\QWV[�JI[ML�UWLMT�NZMM�Å`ML�QVKWUM�^WT-
atility pricing. The meaning of  this mouthful is best understood 
Ja�_WZSQVO�JIKS_IZL["�¹Å`ML�QVKWUM�^WTI\QTQ\a�XZQKQVOº�ZMNMZ[�
\W� \PM� ^IT]I\QWV� WN � I� KWV\ZIK\�_Q\P� XIaWNN[� \QML� \W� I� [XMKQÅK�
UMI[]ZM� WN � ZMITQbML� ^IZQIVKM� WN � IV� ]VLMZTaQVO� Å`ML� QVKWUM�
QV[\Z]UMV\��OMVMZQKITTa��I�¹^IZQIVKM�[_IXº��#�¹UWLMT�NZMMº�[QO-
VQÅM[�\PM�IJ[MVKM�WN �ZMTQIVKM�WV�UWLMTQVO�I[[]UX\QWV[�JMaWVL�
[XMKQÅKI\QWV�WN �[\IVLIZL�XZQKM�LaVIUQK[�IVL�IJ[MVKM�WN �IZJQ-
\ZIOM#�IVL�¹WX\QWV[�JI[MLº�ZMTI\M[� \W� \PM�^IT]I\QWV� \MKPVQY]M�
of  spanning variance swap payoffs with those of  options on the 
same underlying.

The price of  volatility derived in this framework carries a 
clean and intuitive interpretation as the fair market value of  
X]ZM�¹[\ZQSMTM[[º�^WTI\QTQ\a�WN �\PM�]VLMZTaQVO�QV[\Z]UMV\��_PQKP�
naturally lends itself  as the basis of  a benchmark index for 
UMI[]ZQVO�IVL� \ZIKSQVO�^WTI\QTQ\a� NWZ� \PM�KWZZM[XWVLQVO�Å`ML�
income market and serves as the underlying for standardized 
futures and options contracts for volatility trading.

A model-free options-based volatility pricing methodology 
NWZ�XMZXM\]IT�XZQKM�XZWKM[[M[� �M�O�� MY]Q\a� QVLM`M[�� KWUUWLQ\a�
prices and exchange rates) was branded and popularized as the 
¹>1@�5M\PWLWTWOaº�I�LMKILM�IOW�Ja�+PQKIOW�*WIZL�7X\QWV[�
-`KPIVOM��+*7-��_Q\P�IV�IXXTQKI\QWV�\W�;�8�����QVLM`�WX-
\QWV[�\W�KZMI\M�\PM�>1@�1VLM`��;QVKM�\PMV��\PM�[IUM�UM\PWLWT-
ogy has been carried over to other markets, such as those for 
gold, oil and single stocks.

In contrast, to create analogous volatility indexes for the 

KWUXTM`�IVL�^IZQML�_WZTL�WN �Å`ML�QVKWUM�UIZSM\[��WVM�U][\�
ÅZ[\� ZMTI`� \PM� WZQOQVIT� I[[]UX\QWV� WN � KWV[\IV\� QV\MZM[\� ZI\M[��
and explicitly account for the distinct characteristics of  each 
UIZSM\��)V� MIZTa� QTT][\ZI\QWV� WN � \PQ[� KIV� JM� [MMV� QV�+*7-¼[�
LM[QOV�WN �Q\[�ÅZ[\�Å`ML�QVKWUM�^WTI\QTQ\a�QVLM`��\PM�QV\MZM[\�ZI\M�
[_IX�^WTI\QTQ\a�QVLM`��WZ�;:>@���_PQKP�UMI[]ZM[�[_IX\QWV�QU-
plied volatility of  forward swap rates. This article provides an 
overview of  how volatility pricing and indexing methodologies 
_WZS�NWZ�WX\QWV[�WV�NW]Z�UIRWZ�Å`ML�QVKWUM�KWV\ZIK\["�OW^MZV-
UMV\�JWVL�N]\]ZM[��5MTM�IVL�7JIaI[PQ��ISI�57������I�#�\QUM�
LMXW[Q\� N]\]ZM[� �57�����J�#� QV\MZM[\� ZI\M� [_IX[� �57������#�
IVL�KZMLQ\�LMNI]T\�[_IX��+,;��QVLM`M[��57�����K��

Government Bonds

8ZQKQVO� ^WTI\QTQ\a� QV� OW^MZVUMV\� JWVL�UIZSM\[� Q[� LMKMX\Q^MTa�
challenging, mainly because of  the high dimensionality of  
\PM[M�UIZSM\[�� ;]XXW[M�_M�_Q[P� \W�XZQKM� \PM�WVM�UWV\P� NWZ-
ward volatility of  a three-month future on the 10-year Treasury 
note, and that available for trading are American-style options 
M`XQZQVO�QV�WVM�UWV\P��+IV�\PM[M�WX\QWV[�JM�][ML�\W�XZQKM�\PM�
desired volatility in a strictly model-free fashion?

The practical answer depends on the magnitude of  two is-
[]M[��7VM�ZMTI\M[�\W�\PM�MIZTa�M`MZKQ[M�XZMUQ]U�MUJMLLML�QV�
American option prices. A second relates to the mismatch in 
maturity between the options and the underlying futures — i.e., 
one-month options are used to span risks generated by three-
UWV\P�N]\]ZM[�ZM\]ZV[��<PQ[�[MKWVL�[W]ZKM�Q[�[XMKQÅK�\W�\PM�VI-
\]ZM�WN �Å`ML�QVKWUM�UIZSM\[�

Fortunately, in practice, situations arise in which the model-
dependent components may be presumed small enough, such 
\PI\�\PM�UWLMT�NZMM�KWUXWVMV\�WN �\PM�NWZU]TI�Q[�I�[]NÅKQMV\�IX-
XZW`QUI\QWV�WN �\PM�\Z]M�XZQKM�WN �^WTI\QTQ\a��57������L��+PIX-
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ter 4) provide further details on how one may estimate these 
approximation errors. For example, a numerical experiment 
based on Vasicek (1977) model of  short-term interest rate dy-
VIUQK[�]VLMZ�ZMITQ[\QK�=;�<ZMI[]Za�UIZSM\�KWVLQ\QWV[�QVLQKI\M[�
that (1) the early exercise premium embedded in American op-
\QWV[�LWM[�VW\�QVÆI\M�\PM�-]ZWXMIV�WX\QWV�JI[ML�QVLM`�Ja�UWZM�
\PIV�WVM�ZMTI\Q^M�XMZKMV\IOM�XWQV\#�IVL�����\PM�QUXIK\�WN �\PM�
maturity mismatch is negligible when the difference in maturi-
ties is as small as two months, as in the example above.

Maturity and Numéraires Mismatches 

To illustrate the maturity mismatch issue, suppose that available 
for trading are European-style options expiring at T on a 10-
year Treasury note forward expiring at S �T. The option span 
operates under the so-called T-forward probability, whereas the 
NWZ_IZL�XZQKM�Q[�I�UIZ\QVOITM�WVTa�]VLMZ�\PM�;�NWZ_IZL�XZWJ-
ability, which generates risks in the forward price that cannot 
be spanned by the set of  all available options. Unless T=S, we 
IZM�XZQKQVO�\PM�NWZ_IZL�^WTI\QTQ\a�_Q\P�\PM�¹_ZWVOº�XZWJIJQTQ\a�

This issue is reminiscent of  convexity problems arising in 
Å`ML�QVKWUM�[MK]ZQ\a�M^IT]I\QWV��[MM��M�O���*ZQOW�IVL�5MZK]ZQW��
����#�>MZWVM[Q���������1V�W]Z�KI[M��UWLMT�NZMM� QVLM`M[� QV�\PM�
spirit of  the standard VIX Methodology cannot be calculated 
at the strictest level of  theoretical rigor.

The silver lining is that, as long as T and S-T are small, the 
numerical impact of  both the maturity mismatch and early ex-
ercise premium is likely to be small enough to be ignored, as 
Q[�LWVM�QV�\PM�QUXTMUMV\I\QWV�WN �\PM�+*7-�+*7<����AMIZ�
<ZMI[]Za�6W\M�>WTI\QTQ\a�1VLM`��>@<A6���;\QTT��Q\�Q[�QUXWZ\IV\�
to realize that a VIX-like implementation leads to an approxi-
mation of  the true fair value of  a variance swap, and to know 
when the approximation is of  a tolerable magnitude given the 
context.

Let Ft (S,T) be the forward price at t, for delivery at S, of  
a coupon bearing bond expiring at T, with t�S�T, i.e.  
Ft (S,T)=        , where Pt (S) is the price at t of  a zero coupon 
bond expiring at S�t, and Bt (T) is the price at t of  the underly-
ing bond.

Let rt be the instantaneous short-term rate process and let Q 
be the risk-neutral probability. It is well-known (see, e.g., Mele, 
������+PIX\MZ�����\PI\�QV�I�LQNN][QWV�[M\\QVO��Ft (S,T ��[I\Q[ÅM[

where v!(S, ) is the instantaneous volatility process adapted 

to WFs (!���I�U]T\QLQUMV[QWVIT�*ZW_VQIV�UW\QWV�]VLMZ�\PM�S-
forward probability, QFs��LMÅVML�\PZW]OP�\PM�:ILWV�6QSWLaU�
derivative, as follows:

and      denotes the information set at time S.
+WV[QLMZ�\PM�NWTTW_QVO�XIaWNN �WN �I�^IZQIVKM�[_IX"

where                                                       is the percentage in-
tegrated variance, and the fair value of  the strike (t,T,S, ) is

_PMZM�\PM�[MKWVL�MY]ITQ\a�NWTTW_[�Ja�I�KPIVOM�WN �XZWJIJQTQ\a��

t denotes conditional expectation under the risk-neutral prob-
ability, and t   under the T-forward probability. That is, the 
fair value of  the variance swap is the expected realized variance 
under the T-forward probability. It is a notable point of  depar-
\]ZM�NZWU�\PM�[\IVLIZL�MY]Q\a�KI[M�QV�_PQKP�\PM�NIQZ�^IT]M�WN �I�
variance swap is the risk-neutral expectation, assuming interest 
rates are constant.

For the case at hand, we obviously cannot assume constant 
QV\MZM[\� ZI\M[�� 5WZMW^MZ�� _M� [\QTT� VMML� \W� M^IT]I\M� \PM� :0;�
WN �-Y�������.WTTW_QVO�\PM�>1@�5M\PWLWTWOa��WVM�UQOP\�\Za�\W�
TQVS� \PM� M`XMK\I\QWV� QV�-Y�� ���� \W� \PM� ^IT]M�WN � I� TWO�KWV\ZIK\� 
�6M]JMZOMZ�� �!!���¸� Q�M��� I� KWV\ZIK\� _Q\P� I� XIaWNN � MY]IT� \W� 
              at time T��1V�\PM�[\IVLIZL�MY]Q\a�KI[M��\PM�^IT]M�WN �
a log-contract is indeed minus one half  the expected realized 
^IZQIVKM��1V�W]Z�KI[M��Q\�NWTTW_[�Ja�-Y������IVL�1\�¼[�TMUUI�\PI\

0W_M^MZ��-Y�� ����LWM[�VW\� TQVS� \W�-Y�� �����<PM�M`XMK\I\QWV�
QV�-Y������Q[�\PM�NIQZ�^IT]M�WN �I�^IZQIVKM�KWV\ZIK\�M`XQZQVO�I\�T, 
_PMZMI[�\PM�M`XMK\I\QWV�WV�\PM�40;�WN �-Y������Q[�\PM�NIQZ�^IT]M�
of  a variance contract expiring at S. In other words, the market 
numéraire for government bond contracts expiring at a given 
maturity     is the price of  zeros expiring at    , where    =T in 
-Y������IVL����%S�QV�-Y������
<W�M^IT]I\M� \PM�:0;�WN �-Y�� �����_M�VMML�[WUM\PQVO�UWZM�

\PIV�1\�¼[�TMUUI��?M�PI^M�\W�IKSVW_TMLOM�\PI\�\PM�LaVIUQK[�
of  Ft (S,T��]VLMZ�\PM�¹^IZQIVKM�[_IXº�XZQKQVO�UMI[]ZM�IZM�\PW[M�
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Pt(S)
, where Pt (S) is the price at t of a zero coupon bond expiring

at S ≥ t, and Bt (T) is the price at t of the underlying bond.

Let rt be the instantaneous short-term rate process and let Q be the risk-neutral probability. It

is well-known (see, e.g., Mele, 2013, Chapter 12) that in a diffusion setting, Ft (S,T) satisfies

dFτ (S,T)
Fτ (S,T)

= vτ (S,T) · dWFS (τ) , τ ∈ (t, S) , (1)

where vτ (S,T) is the instantaneous volatility process adapted to WFS (τ), a multidimensional Brow-

nian motion under the S-forward probability, QFS , defined through the Radon-Nikodym derivative,

as follows:
dQFS

dQ

∣∣∣∣
GS

=
e−

∫ S
t rτdτ

Pt (S)
, (2)

and GS denotes the information set at time S.

Consider the following payoff of a variance swap:

π (T,T) ≡ Vt (T, S,T)− P (t, T, S,T) , T ≤ S,

where Vt (T, S,T) ≡
∫ T
t ∥vτ (S,T)∥2 dτ is the percentage integrated variance, and the fair value of the

strike P (t, T,T) is

P (t, T, S,T) = 1

Pt (T )
Et

[
e−
∫ T
t rτdτVt (T, S,T)

]
= EQFT

t (Vt (T, S,T)) , (3)

where the second equality follows by a change of probability, Et denotes conditional expectation under

the risk-neutral probability, and EQFT

t under the T -forward probability. That is, the fair value of

the variance swap is the expected realized variance under the T -forward probability. It is a notable

point of departure from the standard equity case in which the fair value of a variance swap is the

risk-neutral expectation, assuming interest rates are constant.

For the case at hand, we obviously cannot assume constant interest rates. Moreover, we still

need to evaluate the RHS of Eq. (3). Following the VIX Methodology, one might try to link the

expectation in Eq. (3) to the value of a log-contract (Neuberger, 1994)—i.e., a contract with a payoff

equal to ln FT (S,T)
Ft(S,T) at time T . In the standard equity case, the value of a log-contract is indeed minus
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t under the T -forward probability. That is, the fair value of

the variance swap is the expected realized variance under the T -forward probability. It is a notable

point of departure from the standard equity case in which the fair value of a variance swap is the

risk-neutral expectation, assuming interest rates are constant.
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one half the expected realized variance. In our case, it follows by Eq. (1) and Itô’s lemma that
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t (Vt (T, S,T)) = −2EQFS
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(
ln

FT (S,T)
Ft (S,T)

)
. (4)

However, Eq. (4) does not link to Eq. (3). The expectation in Eq. (3) is the fair value of a

variance contract expiring at T , whereas the expectation on the LHS of Eq. (4) is the fair value of a

variance contract expiring at S. In other words, the market numéraire for government bond contracts

expiring at a given maturity Y is the price of zeros expiring at Y, where Y = T in Eq. (3) and Y = S

in Eq. (4).

To evaluate the RHS of Eq. (3), we need something more than Itô’s lemma. We have to acknowl-

edge that the dynamics of FT (S,T) under the “variance swap” pricing measure are those under QFT ,

not under QFS , as in Eq. (1). Now, by Girsanov’s theorem, we have the following:

dFτ (S,T)
Fτ (S,T)

= −vτ (S,T) (vτ (T,T)− vτ (S,T)) dτ + vτ (S,T) · dWFT (τ) , τ ∈ (t, T ) , (5)

where WFT (τ) is a multidimensional Brownian motion under QFT . That is, the forward price is not

a martingale under QFT , such that by Itô’s lemma,

EQFT

t (Vt (T, S,T)) = 2EQFT

t (ℓ̃ (t, T, S,T))− 2EQFT

t

(
ln

FT (S,T)
Ft (S,T)

)
, (6)

where we have defined

ℓ̃ (t, T, S,T) ≡ −
∫ T

t
vτ (S,T) (vτ (T,T)− vτ (S,T)) dτ. (7)

The two expressions in Eqs. (4) and (6) differ by the “tilting” term ℓ̃ (t, T, S,T) in addition to the

fact that the expectations on the RHS are taken under two different probabilities. The tilting term

encapsulates the impact of the maturity mismatch: the forward price is a martingale under QFS and

yet we are insisting in evaluating the expectation of its realized variance under QFT , motivated as we

are in our search for the fair value of the original variance swap P (t, T, S,T) in Eq. (3). We expect

ℓ̃ (t, T, S,T) to be zero only when T = S.

Spanning

We are not done yet, as we still need to derive the value of the log-contract in Eq. (6). It is

natural at this juncture to rely on the “spanning” approach, led by Demeterfi, Derman, Kamal and
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EQFS

t (Vt (T, S,T)) = −2EQFS

t

(
ln

FT (S,T)
Ft (S,T)

)
. (4)

However, Eq. (4) does not link to Eq. (3). The expectation in Eq. (3) is the fair value of a

variance contract expiring at T , whereas the expectation on the LHS of Eq. (4) is the fair value of a

variance contract expiring at S. In other words, the market numéraire for government bond contracts
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expiring at a given maturity Y is the price of zeros expiring at Y, where Y = T in Eq. (3) and Y = S

in Eq. (4).

To evaluate the RHS of Eq. (3), we need something more than Itô’s lemma. We have to acknowl-
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EQFT

t (Vt (T, S,T)) = 2EQFT

t (ℓ̃ (t, T, S,T))− 2EQFT

t

(
ln

FT (S,T)
Ft (S,T)

)
, (6)

where we have defined

ℓ̃ (t, T, S,T) ≡ −
∫ T

t
vτ (S,T) (vτ (T,T)− vτ (S,T)) dτ. (7)

The two expressions in Eqs. (4) and (6) differ by the “tilting” term ℓ̃ (t, T, S,T) in addition to the

fact that the expectations on the RHS are taken under two different probabilities. The tilting term

encapsulates the impact of the maturity mismatch: the forward price is a martingale under QFS and

yet we are insisting in evaluating the expectation of its realized variance under QFT , motivated as we

are in our search for the fair value of the original variance swap P (t, T, S,T) in Eq. (3). We expect

ℓ̃ (t, T, S,T) to be zero only when T = S.

Spanning

We are not done yet, as we still need to derive the value of the log-contract in Eq. (6). It is

natural at this juncture to rely on the “spanning” approach, led by Demeterfi, Derman, Kamal and

4

one half the expected realized variance. In our case, it follows by Eq. (1) and Itô’s lemma that
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expiring at a given maturity Y is the price of zeros expiring at Y, where Y = T in Eq. (3) and Y = S

in Eq. (4).

To evaluate the RHS of Eq. (3), we need something more than Itô’s lemma. We have to acknowl-
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Zou (1999); Bakshi and Madan (2000); Britten-Jones and Neuberger (2000); and Carr and Madan

(2001), among others. This approach links the value of the log- (and other) contracts to that of a

portfolio of out-of-the-money (OTM) European-style options.

To apply these spanning arguments to our context, consider a Taylor’s expansion with remainder,
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where Putt (K) and Callt (K) denote the prices of European puts and calls struck at K, and we have

relied on the following pricing equations:
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Accordingly, a formulation of an index of government bond volatility index is

GB-VI(t, T, S,T) ≡
√

1

T − t
P (t, T, S,T)

where P (t, T, S,T) is as in Eq. (9).
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Time Deposits

Time deposit variance contracts share an interesting feature with government bonds: they can be

priced based on the same change-of-numéraire set forth in the previous section. A point of departure

arises when expressing time deposit volatility in terms of basis point volatility of rates, as opposed to

the more familiar notion of percentage volatility of prices. To accommodate this practice, we need to

consider spanning arguments different from those in the previous section.

The Underlying Risks

Let lt (∆) be the simply compounded interest rate on a deposit for the time period from t to t+∆.

As a non-limitative illustration, we refer to lt (∆) as the LIBOR.

Define a forward contract as one where at time t, one party agrees to pay a counterparty a payoff

equal to 100 × (1− lS (∆)) − Zt (S, S +∆) at time S. The forward LIBOR price, Zt (S, S +∆), is

agreed at time t such that in the absence of arbitrage

Zt (S, S +∆) = 100× (1− ft (S, S +∆)) , (10)

where ft (S, S +∆) is the forward LIBOR, which satisfies: ft (S, S +∆) = EQFS

t (lS (∆)). Because

lS (∆) = fS (S, S +∆), ft (S, S +∆) is a martingale under QFS . Therefore, assuming that the

information in this market is driven by Brownian motions, the forward price, Zt (S, S +∆), satisfies

the following:
dZτ (S, S +∆)

Zτ (S, S +∆)
= vzτ (S,∆) dWFS (τ) , τ ∈ (t, S) , (11)

whereWFS (τ) is a multidimensional Brownian motion under QFS , and vzτ (S,∆) is a vector of instan-

taneous volatilities, adapted to WFS (τ).

Because we shall deal with variance swap security designs referencing rates instead of prices, we

consider the forward LIBOR equivalent to Eq. (11), as follows:

dfτ (S, S +∆)

fτ (S, S +∆)
= vfτ (S,∆) dWFS (τ) , τ ∈ (t, S) , (12)

where, by Itô’s lemma, vfτ (S,∆) ≡
(
1− f−1

τ (S, S +∆)
)
vzτ (S,∆).
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Time deposit variance contracts share an interesting feature with government bonds: they can be

priced based on the same change-of-numéraire set forth in the previous section. A point of departure

arises when expressing time deposit volatility in terms of basis point volatility of rates, as opposed to

the more familiar notion of percentage volatility of prices. To accommodate this practice, we need to

consider spanning arguments different from those in the previous section.

The Underlying Risks
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As a non-limitative illustration, we refer to lt (∆) as the LIBOR.
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We define the basis point LIBOR integrated rate-variance as,

V f,bp
t (T, S,∆) ≡

∫ T

t
f2
τ (S, S +∆)

∥∥∥vfτ (S,∆)
∥∥∥
2
dτ,

such that, by arguments similar to those leading to Eq. (3) in Section 2, the fair value of the time

deposit rate-variance swap generated at t, and paying off at T , is the following:

V f,bp
t (T, S,∆)− Pbp

f (t, T, S,∆) , T ≤ S,

is

Pbp
f (t, T, S,∆) = EQFT

t

(
V f,bp
t (T, S,∆)

)
. (13)

We face two complications. The first is the same maturity mismatch arising in the government

bond case. The second complication is that we are dealing with a notion of basis point variance,

which necessitates a different treatment from the percentage case.

In the percentage case, it is by now well-understood that its formulation relates to a log-contract.

The contract we shall link the expectation on the RHS of Eq. (13) is, instead, a “quadratic” contract

delivering a payoff equal to f2
T (S, S +∆) − f2

t (S, S +∆). To see how this contract is useful, note

that by Itô’s lemma and the Girsanov theorem,

EQFT

t

(
f2
T (S, S +∆)

)
− f2

t (S, S +∆) = 2EQFT

t

(
ℓ̃bp (t, T, S)

)
+ Pbp

f (t, T, S,∆) , (14)

where

ℓ̃bp (t, T, S) ≡
∫ T

t
f2
τ (S, S +∆) vfτ (S,∆)

(
vfτ (T,∆)− vfτ (S,∆)

)
dτ. (15)

On the other hand, by taking expectations under the T -forward probability of a Taylor’s expansion

of f2
T (S, S +∆) with remainder, we obtain the following:

EQFT

t

(
f2
T (S, S +∆)

)
− f2

t (S, S +∆)

= 2f2
t (S, S +∆)

(
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(
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− 1
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+
2

Pt (T )
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)
, (16)

where,

ℓ̃f (t, T, S) ≡
∫ T

t
vfτ (S,∆)

(
vfτ (T,∆)− vfτ (S,∆)

)
dτ, (17)

7

We define the basis point LIBOR integrated rate-variance as,

V f,bp
t (T, S,∆) ≡

∫ T

t
f2
τ (S, S +∆)

∥∥∥vfτ (S,∆)
∥∥∥
2
dτ,

such that, by arguments similar to those leading to Eq. (3) in Section 2, the fair value of the time

deposit rate-variance swap generated at t, and paying off at T , is the following:

V f,bp
t (T, S,∆)− Pbp

f (t, T, S,∆) , T ≤ S,

is

Pbp
f (t, T, S,∆) = EQFT

t

(
V f,bp
t (T, S,∆)

)
. (13)

We face two complications. The first is the same maturity mismatch arising in the government

bond case. The second complication is that we are dealing with a notion of basis point variance,

which necessitates a different treatment from the percentage case.

In the percentage case, it is by now well-understood that its formulation relates to a log-contract.

The contract we shall link the expectation on the RHS of Eq. (13) is, instead, a “quadratic” contract

delivering a payoff equal to f2
T (S, S +∆) − f2

t (S, S +∆). To see how this contract is useful, note
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that by Itô’s lemma and the Girsanov theorem,

EQFT

t

(
f2
T (S, S +∆)

)
− f2

t (S, S +∆) = 2EQFT

t

(
ℓ̃bp (t, T, S)

)
+ Pbp

f (t, T, S,∆) , (14)

where

ℓ̃bp (t, T, S) ≡
∫ T

t
f2
τ (S, S +∆) vfτ (S,∆)

(
vfτ (T,∆)− vfτ (S,∆)

)
dτ. (15)

On the other hand, by taking expectations under the T -forward probability of a Taylor’s expansion

of f2
T (S, S +∆) with remainder, we obtain the following:

EQFT

t

(
f2
T (S, S +∆)

)
− f2

t (S, S +∆)

= 2f2
t (S, S +∆)

(
EQFT

t

(
eℓ̃f (t,T,S)

)
− 1
)

+
2

Pt (T )

(∫ ft(S,S+∆)

0
Putft (Kf , T, S,∆) dKf +

∫ ∞

ft(S,S+∆)
Callft (Kf , T, S,∆) dKf

)
, (16)

where,

ℓ̃f (t, T, S) ≡
∫ T

t
vfτ (S,∆)

(
vfτ (T,∆)− vfτ (S,∆)

)
dτ, (17)

7

We define the basis point LIBOR integrated rate-variance as,

V f,bp
t (T, S,∆) ≡

∫ T

t
f2
τ (S, S +∆)

∥∥∥vfτ (S,∆)
∥∥∥
2
dτ,

such that, by arguments similar to those leading to Eq. (3) in Section 2, the fair value of the time

deposit rate-variance swap generated at t, and paying off at T , is the following:

V f,bp
t (T, S,∆)− Pbp

f (t, T, S,∆) , T ≤ S,

is

Pbp
f (t, T, S,∆) = EQFT

t

(
V f,bp
t (T, S,∆)

)
. (13)

We face two complications. The first is the same maturity mismatch arising in the government

bond case. The second complication is that we are dealing with a notion of basis point variance,

which necessitates a different treatment from the percentage case.

In the percentage case, it is by now well-understood that its formulation relates to a log-contract.

The contract we shall link the expectation on the RHS of Eq. (13) is, instead, a “quadratic” contract

delivering a payoff equal to f2
T (S, S +∆) − f2

t (S, S +∆). To see how this contract is useful, note
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Putzt (100 (1−Kf ) , T, S,∆)

100
.

Putzt (Kz, T, S,∆) and Callzt (Kz, T, S,∆) are the prices of OTM puts and calls written on Zt (S, S +∆)

with strike priceKz and maturity T ; Putft (Kf , T, S,∆) and Callft (Kf , T, S,∆) are hypothetical OTM

European-style options on the forward LIBOR rate.

Finally, by matching Eq. (16) to Eq. (14), we are able to use options on Z to price the basis

point volatility of f , as follows:

Pbp
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(18)

where ℓ̃f (t, T, S) and ℓ̃bp (t, T, S) are defined in Eqs. (17) and (15).

An index of basis point time deposit rate-volatility is,

TD-VIbpf (t, T, S,∆) ≡ 1002 ×

√
Pbp
f (t, T, S,∆)

T − t

where Pbp
f (t, T, S,∆) is as in Eq. (18).

Note that the above formula involves an equally-weighted portfolio of OTM options. This is in

contrast to the percentage volatility case where the weight of each option is inversely proportional to

the square of its strike. MO (2012; 2013d) provide additional intuition about this feature by showing

how the hedging portfolio of a basis point volatility index differs from that of a percentage index, and

provide further analytical details on the behavior of the two indexes.

MO (2012) contains the first formulation of a variance contract design cast in basis point terms

that applies to fixed income markets–namely, to interest rate swaps. In earlier work, Carr and Corso

(2001) explain how to hedge the variance of price changes in markets with constant interest rates. MO

(2013d, Chapter 2) explain that the elegant replication arguments in Carr and Corso (2001) break

down once interest rates are random, but that the random numéraire inherent in each market of

interest in the fixed income space can be incorporated into the replicating portfolios and the variance

contract design.
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contrast to the percentage volatility case where the weight of each option is inversely proportional to

the square of its strike. MO (2012; 2013d) provide additional intuition about this feature by showing

how the hedging portfolio of a basis point volatility index differs from that of a percentage index, and

provide further analytical details on the behavior of the two indexes.

MO (2012) contains the first formulation of a variance contract design cast in basis point terms

that applies to fixed income markets–namely, to interest rate swaps. In earlier work, Carr and Corso

(2001) explain how to hedge the variance of price changes in markets with constant interest rates. MO

(2013d, Chapter 2) explain that the elegant replication arguments in Carr and Corso (2001) break

down once interest rates are random, but that the random numéraire inherent in each market of

interest in the fixed income space can be incorporated into the replicating portfolios and the variance

contract design.
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The next section illustrates how a variance swap design is 
affected by the numéraire when deriving model-free indexes in 
interest rate swap markets.

Interest Rate Swaps

0W_�Q[�\PM�^IZQIVKM�[_IX�[MK]ZQ\a�LM[QOV�INNMK\ML�Ja�\PM�XZM[-
MVKM�WN �UWZM�KWUXTM`�V]UuZIQZM[�\PIV�\PM�XZQKM�WN �I�bMZW'�?M�
now consider the pricing of  variance swaps in the context of  
interest rate swap markets. For the sake of  brevity, we focus on 
the basis point variance derivation to mirror market practice, 
_PQKP�Q[�IT[W�\PM�NWZU]TI\QWV�][ML�NWZ�\PM�+*7-�;:>@�1VLM`�

Let Rt (T1,...,Tn) be the forward swap rate prevailing at t, – i.e., 
\PM�Å`ML�ZI\M�[]KP�\PI\�\PM�^IT]M�WN �I�NWZ_IZL�[\IZ\QVO�[_IX��I\�
T"T0, with reset dates T0,...,Tn-1, tenor length Tn-T, and pay-
ment periods T1-T1,...,Tn-Tn-1) is zero at t. It is well-known (e.g., 
5MTM��������+PIX\MZ�����\PI\�Rt (T1,...,Tn) is a martingale un-
der the so-called annuity probability QA�LMÅVML�\PZW]OP�\PM�
:ILWV�6QSWLaU�LMZQ^I\Q^M��I[�NWTTW_["

IVL�8>*8t (T1,...,Tn�� Q[�\PM�¹XZQKM�^IT]M�WN �\PM�JI[Q[�XWQV\º�
i.e., the value at t of  annuity paid over the swap tenor.
?M�I[[]UM�\PI\�Rt (T1,...,Tn) is a diffusion process, as follows:

where WA (!��Q[�I�*ZW_VQIV�5W\QWV�]VLMZ�QA, and #!(T1,...,Tn) 
is adapted to WA (!���IVL�LMÅVM�\PM�JI[Q[�XWQV\�ZMITQbML�^IZQ-
ance of  the forward swap rate arithmetic changes in the time 
interval [t,T],1

0W_�LW�_M�LM[QOV�I�̂ IZQIVKM�KWV\ZIK\�QV�\PQ[�KI[M�\PI\�ITTW_[�
UWLMT�NZMM�^IT]I\QWV'�+WV[QLMZ�\PM�^IT]M�WN �I�XIaMZ�[_IX�_Q\P�

Å`ML�ZI\M��K:

<PM� XIaWNN � WN � I� XIaMZ� [_IX\QWV� Q[� UI`c;_IXT�3#.),0} and 
\PI\�WN �I�ZMKMQ^MZ�Q[�UI`c·;_IXT�3#.),0}. Notice that swaption 
prices contain information about both interest rate volatility 
and the value of  an annuity. This reveals yet another funda-
UMV\IT� LQNNMZMVKM� JM\_MMV� MY]Q\a� IVL�Å`ML� QVKWUM�UIZSM\[��
7X\QWV[�WV�MY]Q\QM[�ZMTI\M�\W�I�[QVOTM�[W]ZKM�WN �ZQ[S"�\PM�[\WKS�
price. Instead, swaps and swaptions are affected by two sources 
of  risk: the swap rate, RT (.���IVL�\PM�IVV]Q\a�NIK\WZ��8>*8T (.).
57��������[PW_�PW_�\W�QV[]TI\M�\PM�X]ZM�QV\MZM[\�ZI\M�^WTI-

tility component in a model-free fashion. They show that the 
annuity factor entering into the payoff  of  swaptions needs to 
be worked into the variance swap design to allow for model-free 
pricing of  the variance contract in both percentage and basis 
XWQV\�^IZQIVKM�\MZU[��5WZM�OMVMZITTa��57������L��+PIX\MZ����
develop a framework that handles any market and numéraire 
WN �QV\MZM[\�QV�\PM�Å`ML�QVKWUM�[XIKM��4M\�][�QTT][\ZI\M�PW_�\PQ[�
framework specializes in the interest rate swap case.
+WV[QLMZ�I�̂ IZQIVKM�[_IX�[\IZ\QVO�I\�\�_Q\P�\PM�NWTTW_QVO�XIa-

off:

at T, where   n (t,T) is the fair value of  the contract such that

where Et
A denotes conditional expectation under the annuity 

probability QA��5WZMW^MZ��Ja�-Y����!��IVL�1\�¼[�TMUUI�

                                                                                         ,

_PMZM�\PM�[MKWVL�MY]ITQ\a�NWTTW_[�Ja�-Y�������
;QUQTIZ�\W�W]Z�LMZQ^I\QWV�WN �-Y��������_M�VW_�\ISM�\PM�M`XMK-

tation under the annuity probability QA WN �I�<IaTWZ¼[�M`XIV[QWV�
of  RT

2 (T1,...,Tn) with remainder, obtaining:

_PMZM�;_XVr
n.t(K,T��IVL�;_XVp

n.t(K,T) denote the prices of  re-
ceiver and payer swaptions at t, referencing a swap with tenor 
Tn–T and strike K, and expiring at T.
5I\KPQVO�-Y�������\W�-Y�������TMI^M["

The next section illustrates how a variance swap design is affected by the numéraire when deriving

model-free indexes in interest rate swap markets.

Interest Rate Swaps

How is the variance swap security design affected by the presence of more complex numéraires than

the price of a zero? We now consider the pricing of variance swaps in the context of interest rate swap

markets. For the sake of brevity, we focus on the basis point variance derivation to mirror market

practice, which is also the formulation used for the CBOE SRVX Index.

Let Rt (T1, · · · , Tn) be the forward swap rate prevailing at t, – i.e., the fixed rate such that the

value of a forward starting swap (at T ≡ T0, with reset dates T0, · · · , Tn−1, tenor length Tn − T , and

payment periods T1 − T0, · · · , Tn − Tn−1) is zero at t. It is well-known (e.g., Mele, 2013, Chapter 12)

that Rt (T1, · · · , Tn) is a martingale under the so-called annuity probability QA defined through the

Radon-Nikodym derivative, as follows:

dQA

dQ

∣∣∣∣
GT

= e−
∫ T
t rsdsPVBPT (T1, · · · , Tn)

PVBPt (T1, · · · , Tn)
,

and PVBPt (T1, · · · , Tn) is the “price value of the basis point – ” i.e., the value at t of annuity paid

over the swap tenor.

We assume that Rt (T1, · · · , Tn) is a diffusion process, as follows:

dRτ (T1, · · · , Tn) = Rτ (T1, · · · , Tn)στ (T1, · · · , Tn) · dWA (τ) , τ ∈ [t, T ] , (19)

where WA (τ) is a Brownian Motion under QA , and στ (T1, · · · , Tn) is adapted to WA (τ), and define

the basis point realized variance of the forward swap rate arithmetic changes in the time interval

[t, T ],1

V bp
n (t, T ) ≡

∫ T

t
R2

τ (T1, · · · , Tn) ∥στ (T1, · · · , Tn)∥2 dτ.

How do we design a variance contract in this case that allows model-free valuation? Consider the

value of a payer swap with fixed rate, K:

SwapT (K;T1, · · · , Tn) ≡ PVBPT (T1, · · · , Tn) [RT (T1, · · · , Tn)−K] .

The payoff of a payer swaption is max {SwapT (K; ·) , 0} and that of a receiver is

max {−SwapT (K; ·) , 0}. Notice that swaption prices contain information about both interest rate
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volatility and the value of an annuity. This reveals yet another fundamental difference between equity

and fixed income markets. Options on equities relate to a single source of risk: the stock price. In-

stead, swaps and swaptions are affected by two sources of risk: the swap rate, RT (·), and the annuity

factor, PVBPT (·).
MO (2012) show how to insulate the pure interest rate volatility component in a model-free fashion.

They show that the annuity factor entering into the payoff of swaptions needs to be worked into the

variance swap design to allow for model-free pricing of the variance contract in both percentage and

basis point variance terms. More generally, MO (2013d, Chapter 2) develop a framework that handles

any market and numéraire of interest in the fixed income space. Let us illustrate how this framework

specializes in the interest rate swap case.

Consider a variance swap starting at t with the following payoff:

πn (t, T ) ≡
(
V bp
n (t, T )− Pn (t, T )

)
× PVBPT (T1, · · · , Tn)

at T , where Pn (t, T ) is the fair value of the contract such that

Pn (t, T ) = EA
t

(
V bp
n (t, T )

)
, (20)

where EA
t denotes conditional expectation under the annuity probability QA . Moreover, by Eq. (19)

and Itô’s lemma,

EA
t

(
R2

T (T1, · · · , Tn)
)
−R2

t (T1, · · · , Tn) = EA
t

(
V bp
n (t, T )

)
= Pn (t, T ) . (21)

where the second equality follows by Eq. (20).

Similar to our derivation of Eq. (16), we now take the expectation under the annuity probability

QA of a Taylor’s expansion of R2
T (T1, · · · , Tn) with remainder, obtaining:

EQFT

t

(
R2

T (T1, · · · , Tn)
)
−R2

t (T1, · · · , Tn)

=
2

PVBPt (T1, · · · , Tn)

(∫ Rt(T1,··· ,Tn)

0
Swpnrn,t (K,T ) dK +

∫ ∞

Rt(T1,··· ,Tn)
Swpnpn,t (K,T ) dK

)
, (22)
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Q U A N T  P E R S P E C T I V E S

-Y�� ����� XZW^QLM[� \PM� M`XZM[[QWV� NWZ� \PM� ^IT]M� WN � \PM� ^IZQ-
IVKM�[_IX�QV�I�UWLMT�NZMM�NI[PQWV��1\�Q[�I�XWZ\NWTQW�WN �MY]ITTa�
_MQOP\ML�[_IX\QWV[��I[�QV�\PM�KI[M�NWZ�\QUM�LMXW[Q\[��[MM�-Y��� �#�
however, this portfolio is rescaled by the inverse of  the annuity 
factor (the numéraire in the interest rate swap market), whereas 
the portfolio in (18) is rescaled by the price of  a zero (the nu-
méraire in the government bond market).2

Intuitively, tilting a variance swap by the market numéraire 
at T (which is one in the cases dealt with in sections on time 
deposits and interest rate swaps) causes its fair value to be de-
ÅVML�]VLMZ�I�UIZSM\�[XIKM�_PMZM�ITT�\PM�ZMTM^IV\�QVNWZUI\QWV�
is given by the price of  available derivatives — an expectation 
under the numéraire probability of  interest.3

Finally, an index of  interest rate swap volatility is

where   n (t,T��Q[�I[�QV�-Y�������

Credit

+ZMLQ\�^WTI\QTQ\a�KIV�JM�XZQKML�\PZW]OP�KZMLQ\�LMNI]T\�[_IX\QWV[��
although the nature of  credit risk calls for a number of  new 
features to take into account. For example, we need to con-
sider credit variance swaps on loss-adjusted forward position 
QV�I�+,;�QVLM`��IVL�_M�U][\�LMIT�_Q\P�\PM�[]Z^Q^IT�KWV\QVOMV\�
probability and the defaultable annuity market numéraire to 
account for default risk.
?M�WVTa�XZM[MV\�\PM�XMZKMV\IOM�^IZQIVKM�KWV\ZIK\�NWZU]TI-

\QWV�PMZM��<PM�ZQ[S�_M�IZM�LMITQVO�_Q\P� Q[� \PI\�WN �I�+,;� QV-
LM`��NWZ�_PQKP�I�J]aMZ�XIa[�XMZQWLQK�XZMUQ]U��\PM�+,;�QVLM`�
spread) and the seller insures losses from defaults by any of  
\PM� QVLM`¼[�KWV[\Q\]MV\[�L]ZQVO�\PM�\MZU�WN � \PM�KWV\ZIK\��1N �I�
constituent defaults, the defaulted obligor is removed from the 
index, and the index continues to be traded with a prorated 
VW\QWVIT�IUW]V\��7X\QWV[�WV�I�+,;�QVLM`�IZM�-]ZWXMIV�[\aTM��
to buy (payers) or sell (receivers) protection at the strike spread 
upon option expiry.
?M�I[[]UM�KZMLQ\�M^MV\[�UIa�WKK]Z�W^MZ�I�[MY]MVKM�WN �ZMO]-

lar intervals (Ti-1,Ti) with length 1/b, for i=1,...,bM, where M 
is the number of  years the index runs, T0 is the time of  the 
QVLM`�WZQOQVI\QWV��?M�I[[]UM�\PI\�����TW[[�OQ^MV�LMNI]T\��4/,��

Matching Eq. (21) to Eq. (22) leaves:

Pn (t, T ) =
2

PVBPt (T1, · · · , Tn)

(∫ Rt(T1,··· ,Tn)

0
Swpnrn,t (K,T ) dK +

∫ ∞

Rt(T1,··· ,Tn)
Swpnpn,t (K,T ) dK

)
.

(23)

Eq. (23) provides the expression for the value of the variance swap in a model-free fashion. It

is a portfolio of equally weighted swaptions, as in the case for time deposits (see Eq. 18); however,

this portfolio is rescaled by the inverse of the annuity factor (the numéraire in the interest rate

swap market), whereas the portfolio in (18) is rescaled by the price of a zero (the numéraire in the

government bond market).2

Intuitively, tilting a variance swap by the market numéraire at T (which is one in the cases dealt

with in sections on time deposits and interest rate swaps) causes its fair value to be defined under

a market space where all the relevant information is given by the price of available derivatives—an

expectation under the numéraire probability of interest.3

Finally, an index of interest rate swap volatility is

IRS-VIbpn (t, T ) ≡ 1002 ×
√

1

T − t
Pn (t, T )

where Pn (t, T ) is as in Eq. (23).

Credit

Credit volatility can be priced through credit default swaptions, although the nature of credit risk

calls for a number of new features to take into account. For example, we need to consider credit

variance swaps on loss-adjusted forward position in a CDS index, and we must deal with the survival

contingent probability and the defaultable annuity market numéraire to account for default risk.

We only present the percentage variance contract formulation here. The risk we are dealing with

is that of a CDS index, for which a buyer pays periodic premium (the CDS index spread) and the

seller insures losses from defaults by any of the index’s constituents during the term of the contract.

If a constituent defaults, the defaulted obligor is removed from the index, and the index continues

to be traded with a prorated notional amount. Options on a CDS index are European-style, to buy

(payers) or sell (receivers) protection at the strike spread upon option expiry.

We assume credit events may occur over a sequence of regular intervals (Ti−1, Ti) with length
1
b , for i = 1, · · · , bM , where M is the number of years the index runs, T0 is the time of the index
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����LMNI]T\�IZZQ^M[�I[�I�+W`�XZWKM[[�_Q\P�QV\MV[Q\a�$ adapted to 
r. Let n be the initial number of  names in the index decided at 
time t"T0, and let each constituent have a notional value 1/n, 
\PM�[IUM�4/,��IVL�\PM�[IUM�QV\MV[Q\a��$.

The number of  names having survived up to Ti is  
                       where !j is the time at which  
name j defaults, and the outstanding notional is N(!)=1/n 
S(!) with N(t)"1. The index loss at !j should obligor  
j default is                   whereas the premium at Ti is  
               Finally, the value of  protection leg 
 minus premium leg is

where v0t is the value at t of  $1 paid off  at the time of  default 
WN �I�ZMXZM[MV\I\Q^M�ÅZU��XZW^QLML�LMNI]T\�WKK]Z[�JMNWZM�\PM�QV-
LM`�M`XQZa#�IVL�_PMZM�v1t is the value at t of  an annuity of  $1 
paid at T1,...,TbM, until either a default of  the representative 
ÅZU�WZ�\PM�M`XQZa�WN �\PM�QVLM`��_PQKPM^MZ�WKK]Z[�ÅZ[\��\PM�̂ IT]M�
of  a defaultable annuity.
)�+,;�QVLM`�XIaMZ�Q[�IV�WX\QWV�\W�MV\MZ�I�+,;�QVLM`�I\�T as 

a protection buyer with strike spread K. Upon exercise, the pro-
tection buyer would also receive a front-end protection arising 
from losses occurring before the option matures. Accordingly, 
KWV[QLMZ�I�TW[[�ILR][\ML�NWZ_IZL�XW[Q\QWV�I\�\�QV�I�+,;�QVLM`�
that starts at T��_PQKP�KIV�JM�[PW_V�\W�MY]IT�\PM�NWTTW_QVO"

_PMZM�+,@! (M�� Q[�LMÅVML�I[� \PM�^IT]M�WN �+,@! (M), set 
such that a forward position at ! in the index is worthless, viz 
,;@L

!,T(!)=0,

Note that N(!) v1! is the natural numéraire in this market. In-
LMML��+,@t (M) is a martingale under the “survival contingent 
XZWJIJQTQ\aº9sc��LMÅVML�\PZW]OP�\PM�:ILWV�6QSWLaU�LMZQ^I-
tive, as follows:

where FrT denotes the information set at time T, which in-
cludes the path of  the short-term rate only. The prices of  a 

origination. We assume that (1) loss-given-default (LGD) is constant; (2) the short-term rate rτ is a

diffusion process; and (3) default arrives as a Cox process with intensity λ adapted to r. Let n be the

initial number of names in the index decided at time t ≡ T0, and let each constituent have a notional

value 1
n , the same LGD, and the same intensity, λ.

The number of names having survived up to Ti is S (Ti) ≡
∑n

j=1(1 − I{τj≤Ti}) where τj is the

time at which name j defaults, and the outstanding notional is N (τ) = 1
nS (τ) with N (t) ≡ 1.

The index loss at τj should obligor j default is LGD 1
nI{t≤τj≤TbM}, whereas the premium at Ti is

1
bCDXt (M)× 1

nS (Ti). Finally, the value of protection leg minus premium leg is

DSXt = LGD · v0t −
1

b
CDXt (M) · v1t,

where v0t is the value at t of $1 paid off at the time of default of a representative firm, provided

default occurs before the index expiry; and where v1t is the value at t of an annuity of $1 paid at

T1, · · · , TbM , until either a default of the representative firm or the expiry of the index (whichever

occurs first)–the value of a defaultable annuity.

A CDS index payer is an option to enter a CDS index at T as a protection buyer with strike

spread K. Upon exercise, the protection buyer would also receive a front-end protection arising from

losses occurring before the option matures. Accordingly, consider a loss-adjusted forward position at

t in a CDS index that starts at T , which can be shown to equal the following:

DSXL
t,T (τ) ≡ 1

b
N (τ) v1τ

(
CDXτ (M)− CDXt (M)

)
,

where CDXτ (M) is defined as the value of CDXτ (M), set such that a forward position at τ in the

index is worthless, viz DSXL
τ,T (τ) = 0,

1

b
CDXτ (M) = LGD

v0τ
v1τ

+
vFτ

N (τ) v1τ
.

Note that N (τ) v1τ is the natural numéraire in this market. Indeed, CDXt (M) is a martingale

under the “survival contingent probability” Qsc, defined through the Radon-Nikodym derivative, as

follows:
dQsc

dQ

∣∣∣∣
Fr
T

= e−
∫ T
τ r (u) duN (T ) v1T

N (τ) v1τ
,

where Fr
T denotes the information set at time T , which includes the path of the short-term rate only.

The prices of a payer and receiver with strikeK expiring at T , are, for any τ ∈ [t, T ], SWp
τ (K,T ;M) ≡

12
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Note that N (τ) v1τ is the natural numéraire in this market. Indeed, CDXt (M) is a martingale

under the “survival contingent probability” Qsc, defined through the Radon-Nikodym derivative, as

follows:
dQsc

dQ

∣∣∣∣
Fr
T

= e−
∫ T
τ r (u) duN (T ) v1T

N (τ) v1τ
,

where Fr
T denotes the information set at time T , which includes the path of the short-term rate only.

The prices of a payer and receiver with strikeK expiring at T , are, for any τ ∈ [t, T ], SWp
τ (K,T ;M) ≡

12

origination. We assume that (1) loss-given-default (LGD) is constant; (2) the short-term rate rτ is a

diffusion process; and (3) default arrives as a Cox process with intensity λ adapted to r. Let n be the

initial number of names in the index decided at time t ≡ T0, and let each constituent have a notional

value 1
n , the same LGD, and the same intensity, λ.

The number of names having survived up to Ti is S (Ti) ≡
∑n

j=1(1 − I{τj≤Ti}) where τj is the

time at which name j defaults, and the outstanding notional is N (τ) = 1
nS (τ) with N (t) ≡ 1.

The index loss at τj should obligor j default is LGD 1
nI{t≤τj≤TbM}, whereas the premium at Ti is

1
bCDXt (M)× 1

nS (Ti). Finally, the value of protection leg minus premium leg is

DSXt = LGD · v0t −
1

b
CDXt (M) · v1t,

where v0t is the value at t of $1 paid off at the time of default of a representative firm, provided

default occurs before the index expiry; and where v1t is the value at t of an annuity of $1 paid at

T1, · · · , TbM , until either a default of the representative firm or the expiry of the index (whichever

occurs first)–the value of a defaultable annuity.

A CDS index payer is an option to enter a CDS index at T as a protection buyer with strike

spread K. Upon exercise, the protection buyer would also receive a front-end protection arising from

losses occurring before the option matures. Accordingly, consider a loss-adjusted forward position at

t in a CDS index that starts at T , which can be shown to equal the following:

DSXL
t,T (τ) ≡ 1

b
N (τ) v1τ

(
CDXτ (M)− CDXt (M)

)
,

where CDXτ (M) is defined as the value of CDXτ (M), set such that a forward position at τ in the

index is worthless, viz DSXL
τ,T (τ) = 0,

1

b
CDXτ (M) = LGD

v0τ
v1τ

+
vFτ

N (τ) v1τ
.
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volatility and the value of an annuity. This reveals yet another fundamental difference between equity

and fixed income markets. Options on equities relate to a single source of risk: the stock price. In-
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where the second equality follows by Eq. (20).
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, (22)

where Swpnrn,t (K,T ) and Swpnpn,t (K,T ) denote the prices of receiver and payer swaptions at t,

referencing a swap with tenor Tn − T and strike K, and expiring at T .
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We assume that
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)
η (τ)
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dτ

+ σ (τ ;M) · dW sc (τ) +
(
ej(τ ;M) − 1

)
dJ sc (τ) ,

where W sc (τ) is a multidimensional Brownian motion and J sc (τ) is a Cox process (with intensity

η (·) and jump size j (·)) under the survival contingent probability.

We wish to price a credit variance swap originated at t, and paying off at T , as follows:

(VM (t, T )− Pvar,M (t, T ))×N (T ) v1T ,

where Pvar,M (t, T ) is the fair value of the contract, and we have defined the percentage variance as,

VM (t, T ) ≡
∫ T

t
∥σ (τ ;M)∥2 dτ +

∫ T

t
j2 (τ ;M) dJ sc (τ) .

In MO (2013d, Chapter 5, Appendix D), we show that

Pvar,M (t, T ) =
2

v1t

[∫ CDXt(M)

0

SWr
t (K,T ;M)

K2
dK +

∫ ∞

CDXt(M)

SWp
t (K,T ;M)

K2
dK

]

− 2Esc
t

[∫ T

t

(
ej(τ ;M) − 1− j (τ ;M)− 1

2
j2 (τ ;M)

)
dJ sc (τ)

]
. (24)

Accordingly, a credit volatility index is

C-VIM (t, T ) ≡ 100×
√

1

T − t
Pvar,M (t, T )

where Pvar,M (t, T ) is as in Eq. (24).

The first term on the RHS of Eq. (24) is model-free, once we estimate the CDX default intensity

incorporated by v1t. The second term is small for all intents and purposes, and should not materially

affect the value of the index approximated by only retaing the first term.
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Accordingly, a credit volatility index is

C-VIM (t, T ) ≡ 100×
√

1

T − t
Pvar,M (t, T )

where Pvar,M (t, T ) is as in Eq. (24).

The first term on the RHS of Eq. (24) is model-free, once we estimate the CDX default intensity

incorporated by v1t. The second term is small for all intents and purposes, and should not materially

affect the value of the index approximated by only retaing the first term.
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indexes viable for serving as the underlying of  tradable prod-
ucts such as volatility futures and options.
<PM�+*7-�PI[�ITZMILa�TI]VKPML�I�XIQZ�WN � QVLM`M[�¸�\PM�

>@<A6�IVL�;:>@��KW^MZQVO�VMIZ�UWV\P�+*7<�WX\QWV[�WV�
���aMIZ�<�6W\M�N]\]ZM[�IVL�WVM�aMIZ����aMIZ�=;,�[_IX\QWV[��
ZM[XMK\Q^MTa��¸� \PI\� XW[[M[[� \PM[M� Y]ITQ\QM[�� 5WZMW^MZ�� ILLQ-
\QWVIT�IXXTQKI\QWV[�UIa�KWUM� QV�W\PMZ�OMWOZIXPQM[�IVL�Å`ML�
income asset classes.

From a methodological research perspective, the logical next 
step in supporting the creation of  a market for standardized 
Å`ML�QVKWUM�^WTI\QTQ\a�\ZILQVO�Q[�\W�UWLMT�XZQKM[�WN �N]\]ZM[�IVL�
options on these indexes in a way that is consistent with the un-
derlying yield or credit curves, the indexes themselves and the 
term structure of  volatility in order to facilitate risk manage-
ment and formulation of  trading strategies by end users.

FOOTNOTES
���57� ������� ����L�� KWV[QLMZML� I� NZIUM_WZS� QV�_PQKP�
-Y�� ��!�� Q[�M`\MVLML�\W�KW^MZ�\PM�XZM[MVKM�WN � R]UX[��IVL�
showed the remarkable property that the fair value of  a 
variance swap remains the same in this case.

2. Merener (2012) considers the replication of  variance 
KWV\ZIK\[�WV�[_IX�ZI\M[�Ja�ZMTaQVO�WV�I�ÆI\�NWZ_IZL�K]Z^M�
approximation, and does not rescale for the relevant no-
tion of  market numéraire in the manner we suggest in this 
section, thereby providing neither the index formulae and 
pricing in this section nor the hedging details described in 
57������#�������+PIX\MZ�����:PMQVTIMVLMZ��������KWV[QL-
ers variance swaps priced and hedged based on parametric 
assumptions.

3. Interestingly, our model-free expression for the variance 
[_IX�QV�-Y�������KWQVKQLM[�_Q\P�\PM�KWVLQ\QWVIT�[MKWVL�UW-
ment of  the forward swap rate, as it turns out by compar-
QVO�W]Z�NWZU]TI�QV�-Y�������_Q\P�M`XZM[[QWV[�QV�<ZWTTM�IVL�
;KP_IZ\b� �������� 1\� Q[� IV� QV\MZM[\QVO� [\I\Q[\QKIT� XZWXMZ\a�
that complements the asset pricing foundations laid down 
QV�\PQ[�[MK\QWV�IVL�QV�57������#�������+PIX\MZ�����57�
�������+PIX\MZ����IVL�5MTM��7JIaI[PQ�IVL�;PITMV��������
describe the behavior of  variance risk-premiums under 
both interpretations of  n (t,T��QV�-Y��������



8       RISK PROFESSIONAL   M A R C H  2 0 1 4 www.garp.org

Q U A N T  P E R S P E C T I V E S

REFERENCES

*IS[PQ��/]ZLQX�IVL�,QTQX�5ILIV�������� ¹;XIVVQVO�IVL�
,MZQ^I\Q^M� ;MK]ZQ\a� -^IT]I\QWV�º� Journal of  Financial Eco-

nomics����������� �

*ZQOW�� ,IUQIVW� IVL� .IJQW�5MZK]ZQW�� ������ Interest Rate 

5WLMT[�¸�<PMWZa�IVL�8ZIK\QKM��_Q\P�;UQTM��1VÆI\QWV�IVL�+ZMLQ\��
;XZQVOMZ�>MZTIO���VL�-LQ\QWV��

*ZQ\\MV�2WVM[��5IZS�IVL�)V\PWVa�6M]JMZOMZ��������¹7X-
\QWV�8ZQKM[��1UXTQML�8ZQKM�8ZWKM[[M[�IVL�;\WKPI[\QK�>WTI\QT-
Q\a�º�Journal of  Finance����� �!� ���

+IZZ��8M\MZ�IVL�)V\PWVa�+WZ[W��������¹+WUUWLQ\a�+W-
^IZQIVKM�+WV\ZIK\QVO�º��Energy & Power Risk Management 4, 
������

+IZZ��8M\MZ�IVL�,QTQX�5ILIV��������¹7X\QUIT�8W[Q\QWVQVO�
QV�,MZQ^I\Q^M�;MK]ZQ\QM[�º��Quantitative Finance 1, 19-37.

,MUM\MZÅ��3ZM[QUQZ��-UIV]MT�,MZUIV��5QKPIMT�3IUIT��
IVL�2W[MXP�BW]���!!!��¹5WZM�<PIV�AW]�-^MZ�?IV\ML�<W�
3VW_�)JW]\�>WTI\QTQ\a�;_IX[�º�:M[MIZKP�VW\M[�NZWU�/WTL-
UIV�;IKP[�9]IV\Q\I\Q^M�;\ZI\MOQM[�

Mele, Antonio, 2013. Lectures on Financial Economics��*WWS�
manuscript. Available fromhttp://www.antoniomele.org.

5MTM��)V\WVQW�IVL�AW[PQSQ�7JIaI[PQ��������¹)V�1V\MZM[\�
:I\M�;_IX�>WTI\QTQ\a�1VLM`�IVL�+WV\ZIK\�º�<MKPVQKIT�_PQ\M�
XIXMZ�]VLMZTaQVO�\PM�+*7-�1V\MZM[\�:I\M�;_IX�>WTI\QTQ\a�
Index. Available from http://www.cboe.com/micro/srvx/
default.aspx.

1JQL������I��¹<PM�8ZQKM�WN �/W^MZVUMV\�*WVL�>WTI\QTQ\a�º�
;_Q[[�.QVIVKM�1V[\Q\]\M�:M[MIZKP�8IXMZ�6W��������

1JQL�� ����J�� ¹>WTI\QTQ\a� 1VLM`M[� IVL�+WV\ZIK\[� NWZ�-]ZW-
LWTTIZ�IVL�:MTI\ML�,MXW[Q\[�º�;_Q[[�.QVIVKM�1V[\Q\]\M�:M-
[MIZKP�8IXMZ�6W��������

1JQL������K��¹+ZMLQ\�>IZQIVKM�;_IX[�IVL�>WTI\QTQ\a�1VLM`-
M[�º�;_Q[[�.QVIVKM�1V[\Q\]\M�:M[MIZKP�8IXMZ�6W��������

Ibid, 2013d. The Price of  Fixed Income Market Volatility. *WWS�
manuscript.

1JQL������M��¹)�8][P�\W�;\IVLIZLQbM�1V\MZM[\�:I\M�>WTI\QTQ\a�
<ZILQVO�º�:Q[S�6M_[���:M[W]ZKM[��,MKMUJMZ��\P���)^IQT-
able from www.garp.org/risk-news-and-resources/2013/
december/

5MTM��)V\WVQW��AW[PQSQ�7JIaI[PQ� IVL�+I\PMZQVM�;PITMV��
������¹:I\M�.MIZ[�/I]OM[�IVL�\PM�,aVIUQK[�WN �1V\MZM[\�
:I\M� ;_IX� IVL� -Y]Q\a� >WTI\QTQ\a�º�?WZSQVO� 8IXMZ� ;_Q[[�
Finance Institute.

5MZMVMZ�� 6QKWTI[�� ������ ¹;_IX� :I\M� >IZQIVKM� ;_IX[�º�
Quantitative Finance 12, 249-261.

6M]JMZOMZ��)V\PWVa���!!���¹0MLOQVO�>WTI\QTQ\a"�\PM�+I[M�
NWZ�I�6M_�+WV\ZIK\�º�Journal of  Portfolio Management 20, 74-
80.

:PMQVTIMVLMZ�� ,MQUIV\M�� ������ ¹8ZQKQVO� IVL� 0MLOQVO�
>IZQIVKM� ;_IX[� WV� I� ;_IX� :I\M�º� =VX]JTQ[PML� UIV]-
script.

<ZWTTM��)VLMZ[�*��IVL�-L]IZLW�;��;KP_IZ\b��������¹<PM�
;_IX\QWV�+]JM�º�?WZSQVO�XIXMZ��-8.4�IVL�;_Q[[�.QVIVKM�
Institute.

>I[QKMS��7TLZQKP�)����!����¹)V�-Y]QTQJZQ]U�+PIZIK\MZQbI-
\QWV�WN �\PM�<MZU�;\Z]K\]ZM�º�Journal of  Financial Economics 
��������  �

>MZWVM[Q��8QM\ZW��������Fixed Income Securities��2WPV�?QTMa���
;WV[��

Antonio Mele is a Professor of  Finance with the Swiss Finance Institute in Lugano. 

0M�Q[�IT[W�I�:M[MIZKP�.MTTW_�I\�\PM�+-8:�QV�4WVLWV��IVL�XZM^QW][Ta�[XMV\�I�LMKILM�
as a tenured faculty at the London School of  Economics. His academic expertise covers 

\PMWZM\QKIT�_WZS�QV�I[[M\�XZQKQVO��IVL�PQ[�_WZS�W]\[QLM�IKILMUQI�QVKT]LM[�LM^MTWXQVO�Å`ML�
QVKWUM�^WTI\QTQ\a�QVLM`M[�NWZ�+PQKIOW�*WIZL�7X\QWV[�-`KPIVOM����

AW[PQSQ�7JIaI[PQ� Q[� I�UIVIOQVO� LQZMK\WZ� I\�)XXTQML�)KILMUQK[�44+� QV�6M_�AWZS��
_PQKP�[XMKQITQbM[�QV�KWUUMZKQITQbQVO�QLMI[��ZMTM^IV\�\W�\PM�ÅVIVKM�QVL][\Za��MUIVI\QVO�
from its think tank of  academic researchers. Previously, he managed U.S. and Asian 

KZMLQ\� XWZ\NWTQW[� NWZ�I�XZWXZQM\IZa�Å`ML� QVKWUM� \ZILQVO� OZW]X��0M�PI[�JMMV� QV^Q\ML� \W�
[XMIS�WV�\PM�\WXQK�WN �Å`ML�QVKWUM�̂ WTI\QTQ\a�I\�UIRWZ�KWVNMZMVKM[�QV�\PM�=�;��IVL�-]ZWXM�


